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Electrons in  Lattice Fields 

By H. FROttLICH 
Department of Theoretical Physics, University of Liverpool 

§ 1. INTRODUCTION 
A~ ~ electric point charge e brought into a dielectric mcdinm polarizes its 
surroundings. I f  this point charge is static then the polarization is 
determined by the static dielectric constant. For a moving point charge 
the polarization can only be determined if the dynamic properties of the 
medium are known. I f  furthermore the point charg e is replaced by a 
particle with a certain mass and charge, then the polarization produced 
by t.he particle reacts on it. A situation arises which can be described 
in terms of a field, the polarization field, which interacts with the particle ; 
the latter then possesses a self energy in the field. A simple and in- 
teresting application of this idea is presented in the motion of a free 
electron in the conduction band of an ionic crystal with which the present 
article is mainly concerned. 

The interest  in discussing this question is twofold. Firstly, of course, 
a calculation of the properties of free electrons in ionic crystals has an 
intrinsic interest. Secondly, however, this case provides a very simple 
example for a non relativistic field theory, and in view of its simplicity 
it might be expected to lead to the discovery of a number of new features 
of such fields and to the development of new methods. In fact after the 
first, application of the methods of field theory to electrons in ionic crystals 
(FrShlieh, Pelzer and Zienau 1950), the use of these methods in metals 
led to an important step in the theory of superconductivity and to the 
prediction of the isotope effect (Fr6hlich 1950). Subsequent discussion 
has shown, however (FrShlieh 1953) that  new methods are required to 
deal with all aspects of superconductivity, and at present it seems that, 
a method which wouldcombine the results of the two methods described 
in § 4 and § 5 might fit the requirements (cf. end of § 6). 

The methods of § 4 and § 5 can best be described as dynamic and static 
respectively. The static method is essentially an application of Hartree's 
self consistent field method. Thus an electron with mass m in an ionic 
lattice may be described by an electronic wave function giving rise to an 
average charge distribution p. Treating this p as a static charge, it 
establishes a polarization in the lattice which can be calculated from 
the laws of electrostatics. This polarization gives rise to an attractive 
force on the electron, and to a potential energy of the  order --e2/le * if  
the charge p extends over a spherical range whose radius is of the order 1 ; 
E* is an effective dielectric constant. The restriction of the electron in 
space requires its de Broglie wave length to be of the order 1 so "~hat its 
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Slow Electrons in a Polar Crystal
R. P. FzvNMAN

Califorrtia Institute of Techrtology, Pasadena, Caleforlia
(Received October 19, 1954)

A variational principle is developed for the lowest energy of a system described by a path integral. It is
applied to the problem of the interaction of an electron with a polarizable lattice, as idealized by Frohlich.
The motion of the electron, after the phonons of the lattice 6eld are eliminated, is described as a path
integral. The variational method applied to this gives an energy for all values of the coupling constant.
It is at least as accurate as previously known results. The effective mass of the electron is also calculated,
but the accuracy here is dHBcult to judge.

A N electron in an ionic crystal polarizes the lattice
in its neighborhood. This interaction changes the

energy of the electron. Furthermore, when the electron
moves the polarization state must move with it. An
electron moving with its accompanying distortion of
the lattice has sometimes been called a polaron. It has
an eGective mass higher than that of the electron. We
wish to compute the energy and effective mass of such
an electron. A summary giving the present state of
this problem has been given by Frohlich. ' He makes
simplifying assumptions, such that the crystal lattice
acts much like a dielectric medium, and that all the
important phonon waves have the same frequency. We
will not discuss the validity of these assumptions here,
but will consider the problem described by Frohlich
as simply a mathematical problem. Aside from its
intrinsic interest, the problem is a much simplified
analog of those which occur in the conventional meson
theory when perturbation theory is inadequate, The
method we shall use to solve the polaron problem is
new, but the pseudoscalar symmetric meson Geld
problems involve so many further complications that
it cannot be directly applied there without further
development.
We shall show how the variational technique which

is so successful in ordinary quantum mechanics can be
extended to integrals over trajectories.

STATEMENT OF THE PROBLEM
With Frohlich's assumptions, the problem is reduced

to that of finding the properties of the following
Hamiltonian:

H= ,'P'+P artcc+arr-+i (V2rra/V)& Ptr-E
XLax+exp( —iK X)—are exp(iK X)). (1)

Here X is the vector position of the electron, P its
conjugate momentum, cz+, a~ the creation and annihi-
lation operators of a phonon (of momentum K). The
frequency of a phonon is taken to be independent of K.
Our units are such that 5, this frequency, and the

H. Frohlich, Advances in Physics 5, 525 (1954). References to
@ther work is given here.

electron mass are unity. The quantity a acts as a
coupling constant, which may be large or small. In
conventional units it is given by

1 t'1 1) e' (2tttto) &

CK

e&h &It)'

i8$/Bt =HP, (2)

so that if q„and E„are the eigenfunctions and eigen-
values of H,

(3)
then any solution of (2) is of the form

4=2
Now we can cast (1) and (2) into the Lagrangian form

of quantum mechanics and then eliminate the Geld
oscillators (specializing to the case that all phonons are
virtual). Doing this in exact analogy to quantum
electrodynamics, ' we find that we must study the sum
over all trajectories X(t) of exp(iS' ), where

1 (dX)'s'=-
2& (dt's

+2-&%i I
[ Xg- Xg( 'e '~' '~dtds (4—)-.

This sum will depend on the initial and Gnal conditions
and on the time interval T. Since it is a solution of the
Schrodinger Eq. (2), considered as a function of T it
will contain frequencies E„,the lowest of which we seek.
It is difficult to isolate the lowest frequency, however.
For that reason, consider the mathematical problem

of solving
8$/itt= HP, —

without question as to the meaning of t. This has the
same eigenvalues and eigenfunctions as (3), but a
s R. P. Feynman, Phys. Rev. SO, 440 (1950).

where e, e„are the static and high frequency dielectric
constant, respectively. In a typical case, such as Nacl,
a may be about 5. The wave function of the system
satisfies (5=1)
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Electrons with low mobilities?

• Materials like KCl or Kbr have electron mobilities of 
the order of 10 cm2/(Vs).


• Which implies a collision time of femtoseconds 

• Heisenberg’s uncertainty principle than says that the 
uncertainty about the electron energy in between 
collision would be larger than the thermal energy.


• The electron’s mean free path would also be smaller 
than the DeBroglie’s wavelength of the electron

2

FIG. 1. Electron in a polar lattice.

I. PRELUDIUM

In the last seminar we have learned that the mobility of an electron drifting in the

conduction band of a crystal lattice can be expressed as

µ =
e⌧c

m⇤ , (1)

where e is the unit charge, ⌧c is the so called collision time, or mean free time, and m
⇤ is

the e↵ective mass.

This result relies on the assumption that there is a fixed probability 1/⌧c that an electron

undergoes a “collision” which changes its velocity and momentum to a new, completely



Large Polaron
• A free electron creates a self-inflicted potential well


• The potential well persists while the electron moves 

• The potential well adapts to the electron’s position.


• The electron affects the lattice, which later affects 
the electron. 


• The electron essentially interacts with itself via a 
cloud of phonons



Electron-phonon couplingKolloquium WS 97/98: Charge-transport in dielectric materials 15

to obtain a good approximation of the “real” action, one adjusts the free parameters of the

“trial action” S1 to minimize the free energy calculated from it. The resulting action can

then be used to calculate various physical properties.

There is a term in the action function S which comes from the potential well (5) that an

electron at the position ~r = 0 buries for itself. It can be written as

↵

Z Z
e
�|t�s|

|~r(t)� ~r(s)|dtds (28)

Where ↵ is the electron-phonon coupling constant (18). This term represents the “interaction

of the electron with itself”. t is a time, and the weight e�|t�s| makes this term into a kind

of “retarded potential”, where the perturbation caused by the moving electron takes some

time to propagate in the crystal. At time t the particle acts as though it were in a potential
R
t

�1 |~r(t)� ~r(s)|�1
e
�(t�s)

ds resulting from the electrostatic interaction of the electron with

its mean charge density at its previous positions (the weight for di↵erent times being e�(t�s)).

The “real” action function can be imitated by an action function S1 in which (28) is

replaced by a term
C

2

Z Z
[~r(t)� ~r(s)]2e�w|t�s|

dtds (29)

With the two free parameters C and w (Instead of C, we will see later that a parameter v,

with v
2 = w

2 + 4C/w, is sometimes more useful). The assumption is such to replace the

“real” potential by a parabolic potential centered at the mean position of the electron in

the past (the weight for di↵erent times being exp(�w(t � s)). The extra parameter w can

be adjusted to compensate partly for the error of using a parabolic potential in place of the

“true” one.

The action (29) is the one of a particle at coordinate ~r(t) bound to another particle at

coordinate ~r(s) by a potential that depends on the square of the distance, i.e. an harmonic

binding, such as the one produced by connecting the two particles with a (zero length)

spring.

Thus the Feynman approach consists in replacing the polarizable crystal lattice with a

massive particle attached by a spring to the electron. The polaron is then e↵ectively treated

as a “molecule”, with the mass of the second particle putting a drag on the ease with which

the electron can move. The force-constant of the string and the mass of the attached particle

are parameters that are varied in order to most closely match the e↵ect of the lattice. Note

Electron-phonon coupling constant, big for low phonon frequencies

Action describing Coulomb potential of polarized lattice

Feynman’s trial action, with free parameters to be found from the principle of least action:

Kolloquium WS 97/98: Charge-transport in dielectric materials 11

the periodic potential acting on the electron even without any vibration). In the alkali halide

crystals where much of the polaron theory has been applied [1], a single LO phonon frequency

is appropriate.

In these polaron theory the energy is measured relative to the frequency of the LO phonon

(n = 1 in (15) and (16)), and the electron-phonon coupling constant can be written as [11]

↵ =

"
W

2
e

!2
LO

#s
Ry

h̄!LO

q
m⇤/me (17)

where Ry=13.6 eV identifies one Rydeberg of energy, h̄ is Plank’s constant, and m
⇤
/me is

the ratio between the e↵ective mass of an electron in a conduction band without phonons

and the electron mass. We and ⌦e are the oscillator strength and the frequency of the single

LO oscillator.

Using (16) we obtain a more “standard” form of the electron-phonon coupling constant:

↵ = [1/✏1 � 1/✏dc]

s
Ry

h̄!LO

q
m⇤/me (18)

The electron-phonon coupling constant (18) will be highest in materials where the LO

frequencies are as small as possible, while at the same time giving a reasonably big contribu-

tion to ✏. This can be understood by considering the fact that higher frequency longitudinal

modes can adapt more readily to the movements of the electron and therefore are less detri-

mental to its freedom of movement. Note that very big static dielectric constants do not

necessarily lead to large ↵ because of the 1/✏dc dependence.

Existing polaron models [8, 10, 12, 13] rely on the assumption of a single longitudinal

optical phonon branch (appropriate for the alkali halides, for example). In order to be able

to apply their extensive predictions to crystals with more phonon branches, one needs to

imitate a complex phonon structure by a single “average” or “e↵ective” LO phonon branch

having well defined frequency and oscillator strength. This e↵ective LO parameters can be

found for example with the prescription:

W
2
e
=

nX

i

W
2
i

(19)

1

⌦2
e

=
1

W 2
e

nX

i

W
2
j

⌦2
i

(20)

The e↵ective longitudinal optical frequency ⌦e is a kind of weighted average between all

LO frequencies. The weights are the LO oscillator strengths. One way to obtain these
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With the two free parameters C and w (Instead of C, we will see later that a parameter v,

with v
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2 + 4C/w, is sometimes more useful). The assumption is such to replace the

“real” potential by a parabolic potential centered at the mean position of the electron in

the past (the weight for di↵erent times being exp(�w(t � s)). The extra parameter w can

be adjusted to compensate partly for the error of using a parabolic potential in place of the

“true” one.

The action (29) is the one of a particle at coordinate ~r(t) bound to another particle at

coordinate ~r(s) by a potential that depends on the square of the distance, i.e. an harmonic

binding, such as the one produced by connecting the two particles with a (zero length)

spring.

Thus the Feynman approach consists in replacing the polarizable crystal lattice with a

massive particle attached by a spring to the electron. The polaron is then e↵ectively treated

as a “molecule”, with the mass of the second particle putting a drag on the ease with which

the electron can move. The force-constant of the string and the mass of the attached particle

are parameters that are varied in order to most closely match the e↵ect of the lattice. Note
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R. P. FEYNMAN

The result'is somewhat dificult to evaluate for the
Coulomb potential, but fairly simple for the harmonic
case [see (34) below] H. owever, it is readily shown
that for any a less than about 6 no choice of V can
improve the result (17) for V=O. Frohlich has asked
for a method which works uniformly over the entire
range of n. He points out that the artificial binding to
a special origin, which (18) implies, is a disadvantage.
It is this which presumably makes any potential U
give a poorer result than V=0 for small n.
To remedy this, I thought a good idea would be to

use for S~ the action for a particle bound by a potential
V(X—Y) to another particle of coordinate Y. This
latter could have 6nite mass, so no permanent origin
would be assumed. Of course the action for such a
system would contain both X(t) and Y(t). But the
variables Y(t) could be integrated out, at least in
principle, leaving an effective Si depending only on X.
At first I tried a Coulomb interaction for V(X—Y)
but it was rather complicated. The technique may be
useful in more dificult problems. But here we have
already seen that an harmonic binding should be as
good, if not better. Further, an extra particle bound
harmonically has its variables Y(t) appearing quad-
ratically in the action. It may therefore be easily
eliminated explicitly. The result we know from studies
of similar problems in electrodynamics. We are, in this
way, led to consider the choice

t (dX& 'S,=——', i~
( ~dh ', C "ir[X—,—-X,]'J (dhj JJ

Xexp(—ie i t—s i)dtds, (20)

where C and m are parameters, to be chosen later to
minimize E.

EVALUATION OF THE ENERGY

Since Si contains X only quadratically, all the
necessary path integrals are easily done. ' Because the
method may not be familiar we outline it brieQy here.
Define the symbol ( ) as

We concentrate first on the first term A of (21). In
it we may express

~
X&—X,

~

' by a Fourier transform,

~
X&—X,

~

'= "d'K exp[iK (Xi—X,)](2xsEs) '. (23)

For this reason we need to study

(exp[iK (X,—X.)])

expSi exp[iK (X,—X.)]X)X(t)

expSiS X(t). (23)

The integral in the numerator is of the form

I= r exp —-',
~ ~

dh ',c ~ —~'-(X,—X,)'

Xe "~' '~dtds+ f(t) X(t)dt 5)X(t), (24)

where specifically

f(t) =iKs(t—~)—iKt'(t —~). (25)

Now we shall find (24) insofar as it depends on f or K
aside from a normalization factor which drops out in
(23). Incidentally let us notice that the three rec-
tangular components separate in (24) and we need
only consider a scalar case. The method of integration
is to substitute X(t) =X'(t)+ V(t), where X'(t) is that
special function for which the exponent is maximum.
The variable of integration is now V(t). Since the
exponent is quadratic in X(t) and X' renders it an
extremum, it can contain 7'(t) only quadratically.
Evidently I' then separates oft as a factor not containing
f, which may be integrated to give an unimportant
constant (depends on T only). Therefore within such
a constant

r=..p —,) x,"dt—;ct')I'(x, -x.)
Xe ~' '~dtds+ rf(t)X,'dt-, (26)

(P)= F expSiX) X(t) expSiK) X(t).

Then comparison of S~ and 5 shows that

where I is that function which minimizes the expres-
sion [subject for convenience, to X'(0) =X'(T)=0 if
the time interval is 0 to T]. The variation problem
gives the integral equation

s=—(S—Si)=2—'*n)r([ X,—X, ( ')e—~'—'~dsT

+,' ~Cr((X,—X,)') -~' d =A+8. (2—1)

d'X'(t)/dt'=2C I (Xi' X,')e "~' '~ds —f(t) (27)— .

Using (27), (26) can be simplified to

E=exp s f(t)X'(t)dt .' R. P. Feynnian, Phys. Rev. 84, 108 (1951),Appendix C.
(28)
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A variational principle is developed for the lowest energy of a system described by a path integral. It is
applied to the problem of the interaction of an electron with a polarizable lattice, as idealized by Frohlich.
The motion of the electron, after the phonons of the lattice 6eld are eliminated, is described as a path
integral. The variational method applied to this gives an energy for all values of the coupling constant.
It is at least as accurate as previously known results. The effective mass of the electron is also calculated,
but the accuracy here is dHBcult to judge.

A N electron in an ionic crystal polarizes the lattice
in its neighborhood. This interaction changes the

energy of the electron. Furthermore, when the electron
moves the polarization state must move with it. An
electron moving with its accompanying distortion of
the lattice has sometimes been called a polaron. It has
an eGective mass higher than that of the electron. We
wish to compute the energy and effective mass of such
an electron. A summary giving the present state of
this problem has been given by Frohlich. ' He makes
simplifying assumptions, such that the crystal lattice
acts much like a dielectric medium, and that all the
important phonon waves have the same frequency. We
will not discuss the validity of these assumptions here,
but will consider the problem described by Frohlich
as simply a mathematical problem. Aside from its
intrinsic interest, the problem is a much simplified
analog of those which occur in the conventional meson
theory when perturbation theory is inadequate, The
method we shall use to solve the polaron problem is
new, but the pseudoscalar symmetric meson Geld
problems involve so many further complications that
it cannot be directly applied there without further
development.
We shall show how the variational technique which

is so successful in ordinary quantum mechanics can be
extended to integrals over trajectories.

STATEMENT OF THE PROBLEM
With Frohlich's assumptions, the problem is reduced

to that of finding the properties of the following
Hamiltonian:

H= ,'P'+P artcc+arr-+i (V2rra/V)& Ptr-E
XLax+exp( —iK X)—are exp(iK X)). (1)

Here X is the vector position of the electron, P its
conjugate momentum, cz+, a~ the creation and annihi-
lation operators of a phonon (of momentum K). The
frequency of a phonon is taken to be independent of K.
Our units are such that 5, this frequency, and the

H. Frohlich, Advances in Physics 5, 525 (1954). References to
@ther work is given here.

electron mass are unity. The quantity a acts as a
coupling constant, which may be large or small. In
conventional units it is given by

1 t'1 1) e' (2tttto) &

CK

e&h &It)'

i8$/Bt =HP, (2)

so that if q„and E„are the eigenfunctions and eigen-
values of H,

(3)
then any solution of (2) is of the form

4=2
Now we can cast (1) and (2) into the Lagrangian form

of quantum mechanics and then eliminate the Geld
oscillators (specializing to the case that all phonons are
virtual). Doing this in exact analogy to quantum
electrodynamics, ' we find that we must study the sum
over all trajectories X(t) of exp(iS' ), where

1 (dX)'s'=-
2& (dt's

+2-&%i I
[ Xg- Xg( 'e '~' '~dtds (4—)-.

This sum will depend on the initial and Gnal conditions
and on the time interval T. Since it is a solution of the
Schrodinger Eq. (2), considered as a function of T it
will contain frequencies E„,the lowest of which we seek.
It is difficult to isolate the lowest frequency, however.
For that reason, consider the mathematical problem

of solving
8$/itt= HP, —

without question as to the meaning of t. This has the
same eigenvalues and eigenfunctions as (3), but a
s R. P. Feynman, Phys. Rev. SO, 440 (1950).

where e, e„are the static and high frequency dielectric
constant, respectively. In a typical case, such as Nacl,
a may be about 5. The wave function of the system
satisfies (5=1)

660

R. P. Feynamn, Phys. Rev. 97(3), 660-665 (1955)
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A simple, rigorous geometrical representation for the Schrodinger equation is developed to describe 
the behavior of an ensemble of two quantum-level, noninteracting systems which are under the influence 
of a perturbation. In this case the Schrodinger equation may be written, after a suitable transformation, 
in the form of the real three-dimensional vector equation dr/dt=(')Xr, where the components of the vector 
r uniquely determine if; of a given system and the components of (,) represent the perturbation. When 
magnetic interaction with a spin! system is under consideration, "r" space reduces to physical space. By 
analogy the techniques developed for analyzing the magnetic resonance precession model can be adapted 
for use in any two-level problems. The quantum-mechanical behavior of the state of a system under various 
different conditions is easily visualized by simply observing how r varies under the action of different types 
of (,). Such a picture can be used to advantage in analyzing various MASER-type devices such as amplifiers 
and oscillators. In the two illustrative examples given (the beam-type MASER and radiation damping) 
the application of the picture in determining the effect of the perturbing field on the molecules is shown 
and its interpretation for use in the complex Maxwell's equations to determine the reaction of the molecules 
back on the field is given. 

INTRODUCTION 

ELECTROMAGNETIC resonances in matter have 
become a fundamental tool for studying the 

structure of matter. Moreover, recently it has become of 
interest to use such resonances for radio and micro-
wave frequency circuit components, such as highly 
stable oscillators, high Q filters, isolators, and amplifiers. 
The purpose of this paper will be to aid in the under-
standing of simple resonances and especially in the 
conception and design of microwave "atomic" devices 
(now commonly called MASER-type devices) which 
involve these simple resonances. In this paper we 
propose to do the following things: (a) To develop a 
simple but rigorous and complete geometrical picture of 
the SchrOdinger equation describing the resonance 
behavior of a quantum system when only a pair of 
energy levels is involved (the resulting picture has the 
same form as the well-known three-dimensional classical 
precession of a gyro magnet in a magnetic field); (b) 
To note further properties of the model which permit 
its direct interpretation in terms of the physical 
properties which couple the quantum systems to the 
electromagnetic fields, and to state these explicitly for 
dipole transitions; (c) To illustrate the use of the picture 
by solving the particular cases of the beam MASER 
oscillator characteristics and "radiation damping." 

Although the approach does not obtain results 
inaccessible to straight-forward calculation, the simplic-
ity of the pictorial representation enables one to gain 
physical insight and to obtain results quickly which 
display the main features of interest. 

FORMULATION 

We will be concerned with an ensemble of spacially 
non-overlapping systems, e.g., molecules in a molecular 

49 

beam, such that the wave function for anyone individ-
ual system may be written 

(1) 

during some time of interest. 1/10 and I/Ib are the two 
eigenstates of interest of the Hamiltonian for the 
single system corresponding to the energies W 
and W respectively. W is the mean energy of 
the two levels determined by velocities and internal 
interactions which remain unchanged. W will be 
taken as the zero of energy for each system. Wo is the 
resonant angular frequency associated with a transition 
between the two levels and is always taken positive. 

It is usual to solve Schrodinger's equation with some 
perturbation V for the complex coefficients aCt) and 
bet), and from them calculate the physical properties 
of the system. However, the mathematics is not always 
transparent and the complex coefficients do not give 
directly the values of real physical observables. Neither 
is it sufficient to know only the real magnitudes of a 
and b, i.e" the level populations and transition proba-
bilities, when coherent processes are involved. We 
propose instead to take advantage of the fact that the 
phase of I/ICt) has no influence so that only three real 
numbers are needed to completely specify I/I(t). We 
construct three real functions (Tl,T2,T8) of a and b which 
have direct physical meaning and which define a 3-
vector r whose time dependance is easily pictured: 

Tl=ab*+ba* 
T2=i(ab*-ba*) (2) 
fa=aa*-bb*. 

(*) always indicates complex conjugate. The time 
dependence of r can be obtained from Schrodinger's 

 Reuse of AIP Publishing content is subject to the terms at: https://publishing.aip.org/authors/rights-and-permissions. Download to IP:  128.180.0.162 On:
Tue, 27 Sep 2016 17:11:22
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Overview of the Bloch Vector Picture of Coherent Light-Atoms Interaction

Ivan Biaggio
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(Dated: July 5, 2006)

This is a summary and overview of what we learned in the first four talks of this seminar. It is
some material related to the Bloch vector picture of light-atoms interaction — which is decisive as
the groundwork on which the rest of the seminar is built — that I extracted from an old class I once
gave on the topic.

PACS numbers:

I. SCHRÖDINGER EQUATION OF THE
LIGHT-ATOM SYSTEM

An unperturbed atom is described by some Hamilto-
nian H, whose energy eigenvalues can be assumed to be
�~!0/2 and +~!0/2 (We are free to put the origin of the
energy axis wherever we want, and this makes for a nice
symmetric choice).

An optical wave acting on the system can be seen as
a perturbation V, and the Schrödinger equation of the
system is

i~ d

dt
| (t)i = [H + V]| (t)i (1)

Without perturbation (V = 0) the system has the sta-
tionary solutions (which are the eigenfunctions of H)

|ai = |aoie
i!0t/2 (2)

|bi = |boie
�i!0t/2 (3)

so that

H|ai = Ea|ai = �
~!0

2
|ai (4)

H|bi = Eb|bi =
~!0

2
|bi (5)

and Eb � Ea = ~!0. It must be noted that in this ap-
proach we are not including a relaxation mechanism that
would allow the state |bi to relax to the lower-energy
state |ai. In other words, we are neglecting spontaneous
emission, we are neglecting damping.

The wavefunctions |ai and |bi form a complete or-
thonormal set, so that ha|bi = ha0|b0i = �ab and
|aiha| + |bihb| = |a0iha0| + |b0ihb0| = 1.

A pure state of a two-level atom is the superposition
of the two eigenstates of the unperturbed hamiltonian:

| (t)i = a(t)|ai+ b(t)|bi, (6)

with aa⇤ + bb⇤ = 1.
Instead of using (6), the atomic state can also be writ-

ten as

| (t)i = ã(t)|a0i+ b̃(t)|b0i, (7)

with ãã⇤ + b̃b̃⇤ = 1.
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with ãã⇤ + b̃b̃⇤ = 1.

Inserting this | (t)i into Schrödinger’s equation (1)
and multiplying from the left with ha0| or hb0| gives a
set of equations for the coe�cients ã and b̃:
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i~ d

dt
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ten as

| (t)i = ã(t)|a0i+ b̃(t)|b0i, (7)

with ãã⇤ + b̃b̃⇤ = 1.

Inserting this | (t)i into Schrödinger’s equation (1)
and multiplying from the left with ha0| or hb0| gives a
set of equations for the coe�cients ã and b̃:

i~ d

dt
ã = ã[Vaa �
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2
] + b̃Vab
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2
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Where the Vab, etc., are the matrix elements for the tran-
sition from state a to state b induced by the perturbation
V: Vab ⌘ ha0|V|b0i, Vaa ⌘ ha0|V|a0i, etc.

A. Electric dipole approximation

In the case of an electro-magnetic wave acting on the
atom, the usual first approximation for the perturbation
V is the electric dipole approximation: V = �~p · ~E(t),
where ~p = e~r is the electric dipole operator and

~E(t) =
1
2
~E(!) exp(�i!t) + c.c. (9)

is the time-dependent electric field of the optical wave.
The dipole matrix element for a transition between states
|ai and |bi is then

Vab = ha0|V|b0i = ha0|p|b0i ·
~E(t) = pab ·

~E(t) (10)

And the expectation value of the dipole operator is

hpi = h (t)|p| (t)i = a⇤bpab+b⇤apba = a⇤bpab+b⇤ap⇤ab.
(11)

paa and pbb both vanish for wavefunctions |a0i and |b0i

of definite parity because the dipole operator has odd
parity.

Assuming an electric field pointing along the x coordi-
nate axis (this is an electric field that induces �m = 0
transitions), we can write

Vab =
1
2
exab[Ee�i!t + c.c.] (12)

where xab ⌘ ha0|x|b0i, and a similar expression for Vba

(Vab = V ⇤
ba). When states |ai and |bi are connected by a

�m = 0 transition, Vab = Vba can be taken to be real,
whereas for an atomic �m = ±1 transition (like those
induced by circularly polarized light), Vab = V ⇤

ba must be
complex [1, 2].
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with ãã⇤ + b̃b̃⇤ = 1.

Inserting this | (t)i into Schrödinger’s equation (1)
and multiplying from the left with ha0| or hb0| gives a
set of equations for the coe�cients ã and b̃:
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II. AN ALTERNATIVE GEOMETRICAL
PICTURE OF THE SCHRÖDINGER EQUATION:

BLOCH-VECTOR PRECESSION.

The above is fine for the description of a single atom.
But for a general solution valid for an ensemble of two-
level atoms, it is better to write the evolution equations of
the system in terms of a density matrix with components
⇢ij = hcic⇤j i, where i, j = 1..2 and c1 = a, c2 = b, so
that, e.g., ⇢12 = hab⇤i and ⇢11 = haa⇤i. ⇢11 + ⇢22 = 1.
The h...i notation means “average over all atoms”. Even
for a single atom, we are ultimately interested in the
probabilities aa⇤ and bb⇤, not the amplitude-coe�cients
a and b. For an ensemble of atoms, ⇢11 = aa⇤ = Na/N
and ⇢22 = bb⇤ = Nb/N , where N is the total number of
atoms, Na is the number of atoms in the ground state,
and Nb is the number of atoms in the excited state.

From (8) it is easy to find equations (the “Optical
Bloch Equations”) for the components of the density ma-
trix. However, instead of representing what is really a
“density operator” with a 2⇥2 matrix and writing equa-
tions for each of its components, it is also possible to
represent it by a vector in three dimensions.

In other words that can be readily applied to the single-
atom case, the wavefunction (6) is described by the two
complex numbers multiplying the basis functions, i.e.
four real numbers. However, the phase of the wavefunc-
tion does not have any influence on the motion of the
atomic states, so that three real numbers are all that is
needed to specify the wavefunction describing the two-
level system [1].

The three real numbers can be defined as the compo-
nents of a vector r as

r1 = ab⇤ + ba⇤ = 2Re[⇢12] (13)
r2 = i(ab⇤ � ba⇤) = 2Im[⇢12] (14)
r3 = bb⇤ � aa⇤ = ⇢22 � ⇢11, (15)

where the first expression on the right-hand side would
apply to a single-atom system, while the second ex-
pression on the right-hand side represents the averages
calculated over an atomic ensemble and is used to de-
scribe mixed states. Note that 2ab⇤ = r1 � ir2 and
2ba⇤ = r1 + ir2.

From (8) it is easy to derive expressions for the time-
derivatives of the three components of r. The result is
[1]

d

dt
r = ⌦⇥ r, (16)

where “⇥” stands for vector-product and

⌦1 =
1
~ (Vab + Vba) (17)

⌦2 = i
1
~ (Vab � Vba) (18)

⌦3 = !0. (19)

In this way the complex evolution equations (8) for the
wavefunction of the two-level system have been trans-
formed into the real, three-dimensional vector equation
ṙ = ⌦ ⇥ r, where the vector r determines the wavefunc-
tion of the system and the components of the vector ⌦
represent the perturbation (the optical wave). This way
of describing the behaviour of an ensemble of two-level
systems under the influence of a perturbation has been
first proposed in Ref. 1. Its usefulness lies in the fact
that (16) has the same form as the description of the
precession of a three-dimensional spinning top in space:
r plays the role of the angular momentum, while ⌦ is
the angular frequency vector (its direction determines the
axis around which r rotates, and its modulus determines
the angular velocity of the rotation). The same equation
also describes the classical precession of a gyromagnet in
a magnetic field as well as spin-precession (precession of
the expectation value of the spin) in nuclear magnetic res-
onance [3]. In the latter case the r-vector represents the
expectation value of the spin, and the ⌦-vector the mag-
netic field. Because of this analogy and of Bloch’s early
contribution to the treatment of spin-precession [3], the
r-vector introduced in (13-15) is now often called Bloch
vector.

The unexcited system in the ground-state has a Bloch
vector r = (0, 0,�1) that points straight down. The pure
excited state |bi has a Bloch-vector r = (0, 0, 1), pointing
straight up. States which are superpositions of |ai and
|bi have Bloch-vectors pointing in various directions. r
is horizontal for states that have an equal contribution
from |ai and |bi.

The unperturbed system with V = 0 has an ⌦ vector
that has only a z-component, and as a consequence of
(16) the Bloch vector r for a pure state with a coherent
superposition of |ai and |bi rotates around the z-axis with
an angular velocity !0.

In the presence of a time-dependent perturbation, the
⌦ vector itself has a time-dependence, and therefore the
precession described by (16) may get to be quite compli-
cated, even though the vector ⌦ tends to be pretty much
vertical and to oscillate with a small amplitude away from
the z-axis: When the electric field of the optical wave is
much smaller than the electric field corresponding to the
field that binds the electron the ⌦1 and ⌦2 components
are much smaller than ⌦3 [4].[7] But from (16) it is clear
that only the direction of r changes. Its modulus is con-
stant.

What is then the size of this modulus? From (13-15)
one sees that

r2
1 + r2

2 + r2
3 = 4ab⇤ba ⇤+(bb⇤ � aa⇤)2

= 2ab⇤ba⇤ + bb⇤bb⇤ + aa⇤aa⇤ = (aa⇤ + bb⇤)2 = 1 (20)

for a pure state, while

r2
1 + r2

2 + r2
3 = 4|⇢12|

2 + (⇢22 � ⇢11)2

= (⇢11 + ⇢22)2 � 4⇢11⇢22 + 4|⇢12|
2

= 1� 4[⇢22⇢11 � |⇢12|
2] (21)
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I. SCHRÖDINGER EQUATION OF THE
LIGHT-ATOM SYSTEM

An unperturbed atom is described by some Hamilto-
nian H, whose energy eigenvalues can be assumed to be
�~!0/2 and +~!0/2 (We are free to put the origin of the
energy axis wherever we want, and this makes for a nice
symmetric choice).

An optical wave acting on the system can be seen as
a perturbation V, and the Schrödinger equation of the
system is

i~ d

dt
| (t)i = [H + V]| (t)i (1)

Without perturbation (V = 0) the system has the sta-
tionary solutions (which are the eigenfunctions of H)

|ai = |aoie
i!0t/2 (2)

|bi = |boie
�i!0t/2 (3)

so that

H|ai = Ea|ai = �
~!0

2
|ai (4)

H|bi = Eb|bi =
~!0

2
|bi (5)

and Eb � Ea = ~!0. It must be noted that in this ap-
proach we are not including a relaxation mechanism that
would allow the state |bi to relax to the lower-energy
state |ai. In other words, we are neglecting spontaneous
emission, we are neglecting damping.

The wavefunctions |ai and |bi form a complete or-
thonormal set, so that ha|bi = ha0|b0i = �ab and
|aiha| + |bihb| = |a0iha0| + |b0ihb0| = 1.

A pure state of a two-level atom is the superposition
of the two eigenstates of the unperturbed hamiltonian:

| (t)i = a(t)|ai+ b(t)|bi, (6)

with aa⇤ + bb⇤ = 1.
Instead of using (6), the atomic state can also be writ-

ten as

| (t)i = ã(t)|a0i+ b̃(t)|b0i, (7)

with ãã⇤ + b̃b̃⇤ = 1.

Inserting this | (t)i into Schrödinger’s equation (1)
and multiplying from the left with ha0| or hb0| gives a
set of equations for the coe�cients ã and b̃:

i~ d

dt
ã = ã[Vaa �

~!0

2
] + b̃Vab

i~ d

dt
b̃ = b̃[Vbb +

~!0

2
] + ãVba (8)

Where the Vab, etc., are the matrix elements for the tran-
sition from state a to state b induced by the perturbation
V: Vab ⌘ ha0|V|b0i, Vaa ⌘ ha0|V|a0i, etc.

A. Electric dipole approximation

In the case of an electro-magnetic wave acting on the
atom, the usual first approximation for the perturbation
V is the electric dipole approximation: V = �~p · ~E(t),
where ~p = e~r is the electric dipole operator and

~E(t) =
1
2
~E(!) exp(�i!t) + c.c. (9)

is the time-dependent electric field of the optical wave.
The dipole matrix element for a transition between states
|ai and |bi is then

Vab = ha0|V|b0i = ha0|p|b0i ·
~E(t) = pab ·

~E(t) (10)

And the expectation value of the dipole operator is

hpi = h (t)|p| (t)i = a⇤bpab+b⇤apba = a⇤bpab+b⇤ap⇤ab.
(11)

paa and pbb both vanish for wavefunctions |a0i and |b0i

of definite parity because the dipole operator has odd
parity.

Assuming an electric field pointing along the x coordi-
nate axis (this is an electric field that induces �m = 0
transitions), we can write

Vab =
1
2
exab[Ee�i!t + c.c.] (12)

where xab ⌘ ha0|x|b0i, and a similar expression for Vba

(Vab = V ⇤
ba). When states |ai and |bi are connected by a

�m = 0 transition, Vab = Vba can be taken to be real,
whereas for an atomic �m = ±1 transition (like those
induced by circularly polarized light), Vab = V ⇤

ba must be
complex [1, 2].
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I. SCHRÖDINGER EQUATION OF THE
LIGHT-ATOM SYSTEM

An unperturbed atom is described by some Hamilto-
nian H, whose energy eigenvalues can be assumed to be
�~!0/2 and +~!0/2 (We are free to put the origin of the
energy axis wherever we want, and this makes for a nice
symmetric choice).

An optical wave acting on the system can be seen as
a perturbation V, and the Schrödinger equation of the
system is

i~ d

dt
| (t)i = [H + V]| (t)i (1)

Without perturbation (V = 0) the system has the sta-
tionary solutions (which are the eigenfunctions of H)

|ai = |aoie
i!0t/2 (2)

|bi = |boie
�i!0t/2 (3)

so that

H|ai = Ea|ai = �
~!0

2
|ai (4)

H|bi = Eb|bi =
~!0

2
|bi (5)

and Eb � Ea = ~!0. It must be noted that in this ap-
proach we are not including a relaxation mechanism that
would allow the state |bi to relax to the lower-energy
state |ai. In other words, we are neglecting spontaneous
emission, we are neglecting damping.

The wavefunctions |ai and |bi form a complete or-
thonormal set, so that ha|bi = ha0|b0i = �ab and
|aiha| + |bihb| = |a0iha0| + |b0ihb0| = 1.

A pure state of a two-level atom is the superposition
of the two eigenstates of the unperturbed hamiltonian:

| (t)i = a(t)|ai+ b(t)|bi, (6)

with aa⇤ + bb⇤ = 1.
Instead of using (6), the atomic state can also be writ-

ten as
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atom, the usual first approximation for the perturbation
V is the electric dipole approximation: V = �~p · ~E(t),
where ~p = e~r is the electric dipole operator and

~E(t) =
1
2
~E(!) exp(�i!t) + c.c. (9)

is the time-dependent electric field of the optical wave.
The dipole matrix element for a transition between states
|ai and |bi is then

Vab = ha0|V|b0i = ha0|p|b0i ·
~E(t) = pab ·

~E(t) (10)

And the expectation value of the dipole operator is

hpi = h (t)|p| (t)i = a⇤bpab+b⇤apba = a⇤bpab+b⇤ap⇤ab.
(11)

paa and pbb both vanish for wavefunctions |a0i and |b0i

of definite parity because the dipole operator has odd
parity.

Assuming an electric field pointing along the x coordi-
nate axis (this is an electric field that induces �m = 0
transitions), we can write

Vab =
1
2
exab[Ee�i!t + c.c.] (12)

where xab ⌘ ha0|x|b0i, and a similar expression for Vba

(Vab = V ⇤
ba). When states |ai and |bi are connected by a

�m = 0 transition, Vab = Vba can be taken to be real,
whereas for an atomic �m = ±1 transition (like those
induced by circularly polarized light), Vab = V ⇤

ba must be
complex [1, 2].
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2
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and Eb � Ea = ~!0. It must be noted that in this ap-
proach we are not including a relaxation mechanism that
would allow the state |bi to relax to the lower-energy
state |ai. In other words, we are neglecting spontaneous
emission, we are neglecting damping.

The wavefunctions |ai and |bi form a complete or-
thonormal set, so that ha|bi = ha0|b0i = �ab and
|aiha| + |bihb| = |a0iha0| + |b0ihb0| = 1.

A pure state of a two-level atom is the superposition
of the two eigenstates of the unperturbed hamiltonian:

| (t)i = a(t)|ai+ b(t)|bi, (6)

with aa⇤ + bb⇤ = 1.
Instead of using (6), the atomic state can also be writ-

ten as

| (t)i = ã(t)|a0i+ b̃(t)|b0i, (7)

with ãã⇤ + b̃b̃⇤ = 1.

Inserting this | (t)i into Schrödinger’s equation (1)
and multiplying from the left with ha0| or hb0| gives a
set of equations for the coe�cients ã and b̃:
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dt
ã = ã[Vaa �
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] + b̃Vab
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b̃ = b̃[Vbb +
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] + ãVba (8)

Where the Vab, etc., are the matrix elements for the tran-
sition from state a to state b induced by the perturbation
V: Vab ⌘ ha0|V|b0i, Vaa ⌘ ha0|V|a0i, etc.

A. Electric dipole approximation

In the case of an electro-magnetic wave acting on the
atom, the usual first approximation for the perturbation
V is the electric dipole approximation: V = �~p · ~E(t),
where ~p = e~r is the electric dipole operator and

~E(t) =
1
2
~E(!) exp(�i!t) + c.c. (9)

is the time-dependent electric field of the optical wave.
The dipole matrix element for a transition between states
|ai and |bi is then

Vab = ha0|V|b0i = ha0|p|b0i ·
~E(t) = pab ·

~E(t) (10)

And the expectation value of the dipole operator is

hpi = h (t)|p| (t)i = a⇤bpab+b⇤apba = a⇤bpab+b⇤ap⇤ab.
(11)

paa and pbb both vanish for wavefunctions |a0i and |b0i

of definite parity because the dipole operator has odd
parity.

Assuming an electric field pointing along the x coordi-
nate axis (this is an electric field that induces �m = 0
transitions), we can write

Vab =
1
2
exab[Ee�i!t + c.c.] (12)

where xab ⌘ ha0|x|b0i, and a similar expression for Vba

(Vab = V ⇤
ba). When states |ai and |bi are connected by a

�m = 0 transition, Vab = Vba can be taken to be real,
whereas for an atomic �m = ±1 transition (like those
induced by circularly polarized light), Vab = V ⇤

ba must be
complex [1, 2].
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sition from state a to state b induced by the perturbation
V: Vab ⌘ ha0|V|b0i, Vaa ⌘ ha0|V|a0i, etc.

A. Electric dipole approximation

In the case of an electro-magnetic wave acting on the
atom, the usual first approximation for the perturbation
V is the electric dipole approximation: V = �~p · ~E(t),
where ~p = e~r is the electric dipole operator and

~E(t) =
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~E(!) exp(�i!t) + c.c. (9)

is the time-dependent electric field of the optical wave.
The dipole matrix element for a transition between states
|ai and |bi is then

Vab = ha0|V|b0i = ha0|p|b0i ·
~E(t) = pab ·

~E(t) (10)

And the expectation value of the dipole operator is

hpi = h (t)|p| (t)i = a⇤bpab+b⇤apba = a⇤bpab+b⇤ap⇤ab.
(11)

paa and pbb both vanish for wavefunctions |a0i and |b0i

of definite parity because the dipole operator has odd
parity.

Assuming an electric field pointing along the x coordi-
nate axis (this is an electric field that induces �m = 0
transitions), we can write

Vab =
1
2
exab[Ee�i!t + c.c.] (12)

where xab ⌘ ha0|x|b0i, and a similar expression for Vba

(Vab = V ⇤
ba). When states |ai and |bi are connected by a

�m = 0 transition, Vab = Vba can be taken to be real,
whereas for an atomic �m = ±1 transition (like those
induced by circularly polarized light), Vab = V ⇤

ba must be
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�ω

3

for a mixed state. The last term in the square brackets is
always larger than zero (h|a|2ih|b|2i � |hab⇤i|2, “Schwarz
inequality”), so that it follows that |r|  1. An ensemble
of atoms where the upper and lower state are randomly
phased has the first two components of the r vector equal
zero. If in addition there is a 50-50 distribution of atoms
in the upper and in the lower state, then one even has
r = 0. [2]

Anyhow, all the essential features of the discussions
that follow can be understood by considering a pure state
with |r| = 1 and not worrying about ensemble averages.

A. What do the components of the Bloch vector
tell us?

In general, the expectation value of any observable can
be represented as a linear combinations of the compo-
nents of the Bloch vector r. Such a linear combination
is the same as a scalar product with some vector (i.e.
a projection of r on some axis). If the said observable
is independent for every atom, its average value over an
atomic ensemble is simply the sum of all these projections
for every atom.

The energy of the system is the expectation value of
the Hamiltonian,

h (t)|H| (t)i = (bb⇤ � aa⇤)
~!0

2
= r3

~!0

2
, (22)

and it is directly given by the third component of the
Bloch vector.

The expectation value of the dipole moment, (11), can
also be rewritten in terms of the Bloch vector compo-
nents:

hpi = a⇤bpab + b⇤ap⇤
ab =

1
2
(r1 + ir2)pab + c.c.

= Re[pab]r1 � Im[pab]r2 (23)

So the z-component of the Bloch vector gives the ex-
pectation value of the energy, while the x and y compo-
nents give the real and the imaginary part of the dipole
moment in the presence of the perturbation. This direct
correlation to useful properties of the system make the
Bloch vector picture particularly useful to understand
and describe atom-light interaction near resonance.

a. Electric dipole transitions: �m = 0 In this case
pab = pba is real and we can assume an electric field
polarized along the x-axis. Then Vab = exabEx(t) , and
the vector ⌦ is

⌦1 = 2
exab

~ Ex(t) = 2⌦R cos!t

⌦2 = 0
⌦3 = !0. (24)

This vector oscillates back and forth away from the 3-axis
in the 1-3 plane. The expectation value (11), (23) of the
dipole moment for a real pab = pba becomes

h (t)|ex| (t)i = (a⇤b + ba⇤)exab = r1exab (25)

and it is given by the projection of r on the 1-axis. So
the polarization density P induced by the optical wave
in an ensemble of two-level atoms will be equal to the
average projection of r on the 1-axis, in units of exab

b. Electric dipole transitions: �m = ±1 For elec-
tric dipole transitions with �m = ±1, pab = p⇤

ba is com-
plex. It can be shown that it can be represented as a
number times êx + iêy, where êx and êy are unit vec-
tors pointing along the x and y coordinate axes. We
assume an electric field circularly polarized in the x-y-
plane, with a complex amplitude ~E = E0(~̂ex + i~̂ey)/

p
2.

Then V = �p · ~E(t) = 1
2E0(px + ipy) exp(�i!t)/

p
2+c.c.

oscillates with a complex amplitude E0(px+ipy)/
p

2 and,
using p = p(êx + iêy)/

p
2, one finds V = pE0 exp(i!t)/2.

With pab = exab it follows that Vab = exabE0 exp(i!t)/2
(it is complex). The components of the vector ⌦ are then:

⌦1 = ⌦R cos!t

⌦2 = ⌦R sin!t

⌦3 = !0. (26)

This vector has a constant length, is tilted away from the
3-axis by a constant angle, and rotates around the 3-axis
with the angular velocity !. The projection of the vector
⌦ onto the x-y plane of its coordinate space behaves in
the same way as the projection of the electric field vector
in the x � y plane of real space. The expectation value
(11) has components

h (t)|epx| (t)i = exabr1, (27)
h (t)|epy| (t)i = exabr2. (28)

Since the “angular velocity vector” ⌦ is not constant
in time, the resulting precession of r can become pretty
complex. In order to get a better view of this preces-
sion, it is better to remove the part that comes from
a constant-angular-velocity rotation around the 3-axis.
This can be done by moving to a rotating reference frame.

B. Rotating Wave Approximation.

The ⌦-vector (26) rotates at an angular velocity ! (the
frequency corresponding to the atomic transition) around
the z-axis.

The ⌦ vector for linear polarization, given by (24)
can be represented as the vector (26) plus a vector
(⌦0

1,⌦0
2,⌦0

3) = ⌦R(cos!t,� sin!t, 0). This amounts to
decomposing (24) into two counter-rotating components
in the x� y plane [1].

To be able to better grasp the significance of (16) in
the presence of the perturbation, it is a very good idea to
move to a rotating reference frame where the appropriate
component of ⌦ appears stationary.[1, 4]

For �m = ±1 transitions ⌦ has only one rotating com-
ponent, and the move to a rotating frame makes it sta-
tionary.
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I. SCHRÖDINGER EQUATION OF THE
LIGHT-ATOM SYSTEM

An unperturbed atom is described by some Hamilto-
nian H, whose energy eigenvalues can be assumed to be
�~!0/2 and +~!0/2 (We are free to put the origin of the
energy axis wherever we want, and this makes for a nice
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An optical wave acting on the system can be seen as
a perturbation V, and the Schrödinger equation of the
system is

i~ d

dt
| (t)i = [H + V]| (t)i (1)

Without perturbation (V = 0) the system has the sta-
tionary solutions (which are the eigenfunctions of H)

|ai = |aoie
i!0t/2 (2)

|bi = |boie
�i!0t/2 (3)

so that

H|ai = Ea|ai = �
~!0

2
|ai (4)

H|bi = Eb|bi =
~!0
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|bi (5)

and Eb � Ea = ~!0. It must be noted that in this ap-
proach we are not including a relaxation mechanism that
would allow the state |bi to relax to the lower-energy
state |ai. In other words, we are neglecting spontaneous
emission, we are neglecting damping.

The wavefunctions |ai and |bi form a complete or-
thonormal set, so that ha|bi = ha0|b0i = �ab and
|aiha| + |bihb| = |a0iha0| + |b0ihb0| = 1.

A pure state of a two-level atom is the superposition
of the two eigenstates of the unperturbed hamiltonian:

| (t)i = a(t)|ai+ b(t)|bi, (6)

with aa⇤ + bb⇤ = 1.
Instead of using (6), the atomic state can also be writ-

ten as

| (t)i = ã(t)|a0i+ b̃(t)|b0i, (7)

with ãã⇤ + b̃b̃⇤ = 1.

Inserting this | (t)i into Schrödinger’s equation (1)
and multiplying from the left with ha0| or hb0| gives a
set of equations for the coe�cients ã and b̃:
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dt
ã = ã[Vaa �
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dt
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] + ãVba (8)

Where the Vab, etc., are the matrix elements for the tran-
sition from state a to state b induced by the perturbation
V: Vab ⌘ ha0|V|b0i, Vaa ⌘ ha0|V|a0i, etc.

A. Electric dipole approximation

In the case of an electro-magnetic wave acting on the
atom, the usual first approximation for the perturbation
V is the electric dipole approximation: V = �~p · ~E(t),
where ~p = e~r is the electric dipole operator and

~E(t) =
1
2
~E(!) exp(�i!t) + c.c. (9)

is the time-dependent electric field of the optical wave.
The dipole matrix element for a transition between states
|ai and |bi is then

Vab = ha0|V|b0i = ha0|p|b0i ·
~E(t) = pab ·

~E(t) (10)

And the expectation value of the dipole operator is

hpi = h (t)|p| (t)i = a⇤bpab+b⇤apba = a⇤bpab+b⇤ap⇤ab.
(11)

paa and pbb both vanish for wavefunctions |a0i and |b0i

of definite parity because the dipole operator has odd
parity.

Assuming an electric field pointing along the x coordi-
nate axis (this is an electric field that induces �m = 0
transitions), we can write

Vab =
1
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exab[Ee�i!t + c.c.] (12)
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for a mixed state. The last term in the square brackets is
always larger than zero (h|a|2ih|b|2i � |hab⇤i|2, “Schwarz
inequality”), so that it follows that |r|  1. An ensemble
of atoms where the upper and lower state are randomly
phased has the first two components of the r vector equal
zero. If in addition there is a 50-50 distribution of atoms
in the upper and in the lower state, then one even has
r = 0. [2]

Anyhow, all the essential features of the discussions
that follow can be understood by considering a pure state
with |r| = 1 and not worrying about ensemble averages.

A. What do the components of the Bloch vector
tell us?

In general, the expectation value of any observable can
be represented as a linear combinations of the compo-
nents of the Bloch vector r. Such a linear combination
is the same as a scalar product with some vector (i.e.
a projection of r on some axis). If the said observable
is independent for every atom, its average value over an
atomic ensemble is simply the sum of all these projections
for every atom.

The energy of the system is the expectation value of
the Hamiltonian,

h (t)|H| (t)i = (bb⇤ � aa⇤)
~!0

2
= r3

~!0

2
, (22)

and it is directly given by the third component of the
Bloch vector.

The expectation value of the dipole moment, (11), can
also be rewritten in terms of the Bloch vector compo-
nents:

hpi = a⇤bpab + b⇤ap⇤
ab =

1
2
(r1 + ir2)pab + c.c.

= Re[pab]r1 � Im[pab]r2 (23)

So the z-component of the Bloch vector gives the ex-
pectation value of the energy, while the x and y compo-
nents give the real and the imaginary part of the dipole
moment in the presence of the perturbation. This direct
correlation to useful properties of the system make the
Bloch vector picture particularly useful to understand
and describe atom-light interaction near resonance.

a. Electric dipole transitions: �m = 0 In this case
pab = pba is real and we can assume an electric field
polarized along the x-axis. Then Vab = exabEx(t) , and
the vector ⌦ is

⌦1 = 2
exab

~ Ex(t) = 2⌦R cos!t

⌦2 = 0
⌦3 = !0. (24)

This vector oscillates back and forth away from the 3-axis
in the 1-3 plane. The expectation value (11), (23) of the
dipole moment for a real pab = pba becomes

h (t)|ex| (t)i = (a⇤b + ba⇤)exab = r1exab (25)

and it is given by the projection of r on the 1-axis. So
the polarization density P induced by the optical wave
in an ensemble of two-level atoms will be equal to the
average projection of r on the 1-axis, in units of exab

b. Electric dipole transitions: �m = ±1 For elec-
tric dipole transitions with �m = ±1, pab = p⇤

ba is com-
plex. It can be shown that it can be represented as a
number times êx + iêy, where êx and êy are unit vec-
tors pointing along the x and y coordinate axes. We
assume an electric field circularly polarized in the x-y-
plane, with a complex amplitude ~E = E0(~̂ex + i~̂ey)/

p
2.

Then V = �p · ~E(t) = 1
2E0(px + ipy) exp(�i!t)/

p
2+c.c.

oscillates with a complex amplitude E0(px+ipy)/
p

2 and,
using p = p(êx + iêy)/

p
2, one finds V = pE0 exp(i!t)/2.

With pab = exab it follows that Vab = exabE0 exp(i!t)/2
(it is complex). The components of the vector ⌦ are then:

⌦1 = ⌦R cos!t

⌦2 = ⌦R sin!t

⌦3 = !0. (26)

This vector has a constant length, is tilted away from the
3-axis by a constant angle, and rotates around the 3-axis
with the angular velocity !. The projection of the vector
⌦ onto the x-y plane of its coordinate space behaves in
the same way as the projection of the electric field vector
in the x � y plane of real space. The expectation value
(11) has components

h (t)|epx| (t)i = exabr1, (27)
h (t)|epy| (t)i = exabr2. (28)

Since the “angular velocity vector” ⌦ is not constant
in time, the resulting precession of r can become pretty
complex. In order to get a better view of this preces-
sion, it is better to remove the part that comes from
a constant-angular-velocity rotation around the 3-axis.
This can be done by moving to a rotating reference frame.

B. Rotating Wave Approximation.

The ⌦-vector (26) rotates at an angular velocity ! (the
frequency corresponding to the atomic transition) around
the z-axis.

The ⌦ vector for linear polarization, given by (24)
can be represented as the vector (26) plus a vector
(⌦0

1,⌦0
2,⌦0

3) = ⌦R(cos!t,� sin!t, 0). This amounts to
decomposing (24) into two counter-rotating components
in the x� y plane [1].

To be able to better grasp the significance of (16) in
the presence of the perturbation, it is a very good idea to
move to a rotating reference frame where the appropriate
component of ⌦ appears stationary.[1, 4]

For �m = ±1 transitions ⌦ has only one rotating com-
ponent, and the move to a rotating frame makes it sta-
tionary.

Energy: 3-component

Dipole moment: 1 and 2 components
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and Eb � Ea = ~!0. It must be noted that in this ap-
proach we are not including a relaxation mechanism that
would allow the state |bi to relax to the lower-energy
state |ai. In other words, we are neglecting spontaneous
emission, we are neglecting damping.

The wavefunctions |ai and |bi form a complete or-
thonormal set, so that ha|bi = ha0|b0i = �ab and
|aiha| + |bihb| = |a0iha0| + |b0ihb0| = 1.

A pure state of a two-level atom is the superposition
of the two eigenstates of the unperturbed hamiltonian:

| (t)i = a(t)|ai+ b(t)|bi, (6)

with aa⇤ + bb⇤ = 1.
Instead of using (6), the atomic state can also be writ-

ten as

| (t)i = ã(t)|a0i+ b̃(t)|b0i, (7)

with ãã⇤ + b̃b̃⇤ = 1.

Inserting this | (t)i into Schrödinger’s equation (1)
and multiplying from the left with ha0| or hb0| gives a
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Where the Vab, etc., are the matrix elements for the tran-
sition from state a to state b induced by the perturbation
V: Vab ⌘ ha0|V|b0i, Vaa ⌘ ha0|V|a0i, etc.

A. Electric dipole approximation

In the case of an electro-magnetic wave acting on the
atom, the usual first approximation for the perturbation
V is the electric dipole approximation: V = �~p · ~E(t),
where ~p = e~r is the electric dipole operator and

~E(t) =
1
2
~E(!) exp(�i!t) + c.c. (9)

is the time-dependent electric field of the optical wave.
The dipole matrix element for a transition between states
|ai and |bi is then

Vab = ha0|V|b0i = ha0|p|b0i ·
~E(t) = pab ·

~E(t) (10)

And the expectation value of the dipole operator is

hpi = h (t)|p| (t)i = a⇤bpab+b⇤apba = a⇤bpab+b⇤ap⇤ab.
(11)

paa and pbb both vanish for wavefunctions |a0i and |b0i

of definite parity because the dipole operator has odd
parity.

Assuming an electric field pointing along the x coordi-
nate axis (this is an electric field that induces �m = 0
transitions), we can write

Vab =
1
2
exab[Ee�i!t + c.c.] (12)

where xab ⌘ ha0|x|b0i, and a similar expression for Vba

(Vab = V ⇤
ba). When states |ai and |bi are connected by a

�m = 0 transition, Vab = Vba can be taken to be real,
whereas for an atomic �m = ±1 transition (like those
induced by circularly polarized light), Vab = V ⇤

ba must be
complex [1, 2].
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| (t)i = ã(t)|a0i+ b̃(t)|b0i, (7)
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II. AN ALTERNATIVE GEOMETRICAL
PICTURE OF THE SCHRÖDINGER EQUATION:

BLOCH-VECTOR PRECESSION.

The above is fine for the description of a single atom.
But for a general solution valid for an ensemble of two-
level atoms, it is better to write the evolution equations of
the system in terms of a density matrix with components
⇢ij = hcic⇤j i, where i, j = 1..2 and c1 = a, c2 = b, so
that, e.g., ⇢12 = hab⇤i and ⇢11 = haa⇤i. ⇢11 + ⇢22 = 1.
The h...i notation means “average over all atoms”. Even
for a single atom, we are ultimately interested in the
probabilities aa⇤ and bb⇤, not the amplitude-coe�cients
a and b. For an ensemble of atoms, ⇢11 = aa⇤ = Na/N
and ⇢22 = bb⇤ = Nb/N , where N is the total number of
atoms, Na is the number of atoms in the ground state,
and Nb is the number of atoms in the excited state.

From (8) it is easy to find equations (the “Optical
Bloch Equations”) for the components of the density ma-
trix. However, instead of representing what is really a
“density operator” with a 2⇥2 matrix and writing equa-
tions for each of its components, it is also possible to
represent it by a vector in three dimensions.

In other words that can be readily applied to the single-
atom case, the wavefunction (6) is described by the two
complex numbers multiplying the basis functions, i.e.
four real numbers. However, the phase of the wavefunc-
tion does not have any influence on the motion of the
atomic states, so that three real numbers are all that is
needed to specify the wavefunction describing the two-
level system [1].

The three real numbers can be defined as the compo-
nents of a vector r as

r1 = ab⇤ + ba⇤ = 2Re[⇢12] (13)
r2 = i(ab⇤ � ba⇤) = 2Im[⇢12] (14)
r3 = bb⇤ � aa⇤ = ⇢22 � ⇢11, (15)

where the first expression on the right-hand side would
apply to a single-atom system, while the second ex-
pression on the right-hand side represents the averages
calculated over an atomic ensemble and is used to de-
scribe mixed states. Note that 2ab⇤ = r1 � ir2 and
2ba⇤ = r1 + ir2.

From (8) it is easy to derive expressions for the time-
derivatives of the three components of r. The result is
[1]

d

dt
r = ⌦⇥ r, (16)

where “⇥” stands for vector-product and

⌦1 =
1
~ (Vab + Vba) (17)

⌦2 = i
1
~ (Vab � Vba) (18)

⌦3 = !0. (19)

In this way the complex evolution equations (8) for the
wavefunction of the two-level system have been trans-
formed into the real, three-dimensional vector equation
ṙ = ⌦ ⇥ r, where the vector r determines the wavefunc-
tion of the system and the components of the vector ⌦
represent the perturbation (the optical wave). This way
of describing the behaviour of an ensemble of two-level
systems under the influence of a perturbation has been
first proposed in Ref. 1. Its usefulness lies in the fact
that (16) has the same form as the description of the
precession of a three-dimensional spinning top in space:
r plays the role of the angular momentum, while ⌦ is
the angular frequency vector (its direction determines the
axis around which r rotates, and its modulus determines
the angular velocity of the rotation). The same equation
also describes the classical precession of a gyromagnet in
a magnetic field as well as spin-precession (precession of
the expectation value of the spin) in nuclear magnetic res-
onance [3]. In the latter case the r-vector represents the
expectation value of the spin, and the ⌦-vector the mag-
netic field. Because of this analogy and of Bloch’s early
contribution to the treatment of spin-precession [3], the
r-vector introduced in (13-15) is now often called Bloch
vector.

The unexcited system in the ground-state has a Bloch
vector r = (0, 0,�1) that points straight down. The pure
excited state |bi has a Bloch-vector r = (0, 0, 1), pointing
straight up. States which are superpositions of |ai and
|bi have Bloch-vectors pointing in various directions. r
is horizontal for states that have an equal contribution
from |ai and |bi.

The unperturbed system with V = 0 has an ⌦ vector
that has only a z-component, and as a consequence of
(16) the Bloch vector r for a pure state with a coherent
superposition of |ai and |bi rotates around the z-axis with
an angular velocity !0.

In the presence of a time-dependent perturbation, the
⌦ vector itself has a time-dependence, and therefore the
precession described by (16) may get to be quite compli-
cated, even though the vector ⌦ tends to be pretty much
vertical and to oscillate with a small amplitude away from
the z-axis: When the electric field of the optical wave is
much smaller than the electric field corresponding to the
field that binds the electron the ⌦1 and ⌦2 components
are much smaller than ⌦3 [4].[7] But from (16) it is clear
that only the direction of r changes. Its modulus is con-
stant.

What is then the size of this modulus? From (13-15)
one sees that

r2
1 + r2

2 + r2
3 = 4ab⇤ba ⇤+(bb⇤ � aa⇤)2

= 2ab⇤ba⇤ + bb⇤bb⇤ + aa⇤aa⇤ = (aa⇤ + bb⇤)2 = 1 (20)

for a pure state, while

r2
1 + r2

2 + r2
3 = 4|⇢12|

2 + (⇢22 � ⇢11)2

= (⇢11 + ⇢22)2 � 4⇢11⇢22 + 4|⇢12|
2

= 1� 4[⇢22⇢11 � |⇢12|
2] (21)

2

II. AN ALTERNATIVE GEOMETRICAL
PICTURE OF THE SCHRÖDINGER EQUATION:
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r2
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2
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I. SCHRÖDINGER EQUATION OF THE
LIGHT-ATOM SYSTEM

An unperturbed atom is described by some Hamilto-
nian H, whose energy eigenvalues can be assumed to be
�~!0/2 and +~!0/2 (We are free to put the origin of the
energy axis wherever we want, and this makes for a nice
symmetric choice).

An optical wave acting on the system can be seen as
a perturbation V, and the Schrödinger equation of the
system is

i~ d

dt
| (t)i = [H + V]| (t)i (1)

Without perturbation (V = 0) the system has the sta-
tionary solutions (which are the eigenfunctions of H)

|ai = |aoie
i!0t/2 (2)

|bi = |boie
�i!0t/2 (3)

so that

H|ai = Ea|ai = �
~!0

2
|ai (4)

H|bi = Eb|bi =
~!0

2
|bi (5)

and Eb � Ea = ~!0. It must be noted that in this ap-
proach we are not including a relaxation mechanism that
would allow the state |bi to relax to the lower-energy
state |ai. In other words, we are neglecting spontaneous
emission, we are neglecting damping.

The wavefunctions |ai and |bi form a complete or-
thonormal set, so that ha|bi = ha0|b0i = �ab and
|aiha| + |bihb| = |a0iha0| + |b0ihb0| = 1.

A pure state of a two-level atom is the superposition
of the two eigenstates of the unperturbed hamiltonian:

| (t)i = a(t)|ai+ b(t)|bi, (6)

with aa⇤ + bb⇤ = 1.
Instead of using (6), the atomic state can also be writ-

ten as

| (t)i = ã(t)|a0i+ b̃(t)|b0i, (7)

with ãã⇤ + b̃b̃⇤ = 1.

Inserting this | (t)i into Schrödinger’s equation (1)
and multiplying from the left with ha0| or hb0| gives a
set of equations for the coe�cients ã and b̃:

i~ d

dt
ã = ã[Vaa �

~!0

2
] + b̃Vab

i~ d

dt
b̃ = b̃[Vbb +

~!0

2
] + ãVba (8)

Where the Vab, etc., are the matrix elements for the tran-
sition from state a to state b induced by the perturbation
V: Vab ⌘ ha0|V|b0i, Vaa ⌘ ha0|V|a0i, etc.

A. Electric dipole approximation

In the case of an electro-magnetic wave acting on the
atom, the usual first approximation for the perturbation
V is the electric dipole approximation: V = �~p · ~E(t),
where ~p = e~r is the electric dipole operator and

~E(t) =
1
2
~E(!) exp(�i!t) + c.c. (9)

is the time-dependent electric field of the optical wave.
The dipole matrix element for a transition between states
|ai and |bi is then

Vab = ha0|V|b0i = ha0|p|b0i ·
~E(t) = pab ·

~E(t) (10)

And the expectation value of the dipole operator is

hpi = h (t)|p| (t)i = a⇤bpab+b⇤apba = a⇤bpab+b⇤ap⇤ab.
(11)

paa and pbb both vanish for wavefunctions |a0i and |b0i

of definite parity because the dipole operator has odd
parity.

Assuming an electric field pointing along the x coordi-
nate axis (this is an electric field that induces �m = 0
transitions), we can write

Vab =
1
2
exab[Ee�i!t + c.c.] (12)

where xab ⌘ ha0|x|b0i, and a similar expression for Vba

(Vab = V ⇤
ba). When states |ai and |bi are connected by a

�m = 0 transition, Vab = Vba can be taken to be real,
whereas for an atomic �m = ±1 transition (like those
induced by circularly polarized light), Vab = V ⇤

ba must be
complex [1, 2].

�ω

Seminar in Modern Physics, Seminar in Modern Physics: Resonant Light-Matter Interaction, Summer 2006.

Overview of the Bloch Vector Picture of Coherent Light-Atoms Interaction

Ivan Biaggio
Department of Physics and Center for Optical Technologies, Lehigh University, Bethlehem, PA 18015

(Dated: July 5, 2006)

This is a summary and overview of what we learned in the first four talks of this seminar. It is
some material related to the Bloch vector picture of light-atoms interaction — which is decisive as
the groundwork on which the rest of the seminar is built — that I extracted from an old class I once
gave on the topic.

PACS numbers:
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For the �m = 0 transition one of the two counter-
rotating components becomes stationary in the rotating
frame, while the other component will rotate at an an-
gular velocity 2!.

When integrating (16) over any measurable time-
interval the contribution of this “fast-rotation” compo-
nent can be neglected. In other words the e↵ect of this
component on the r-vector in the rotating frame reverses
itself every 0.1�1 femtoseconds (for visible light), and is
almost completely ine↵ective. So one can ignore it. This
is the “Rotating Wave Approximation”.

The transformation matrix that can be used to move
to the rotating frame is

T =

0

@
cos !t sin!t 0
� sin!t cos !t 0

0 0 1

1

A (29)

The Bloch vector r in the rotating frame is therefore
r̃ = Tr:

r̃1 = ab⇤ei!t + c.c. (30)
r̃2 = iab⇤ei!t + c.c. (31)
r̃3 = bb⇤ � aa⇤. (32)

The vector product ⌦ ⇥ r can also be expressed as a
matrix multiplication M⌦r, where

M⌦ =

0

@
0 �⌦3 ⌦2

⌦3 0 �⌦1

�⌦2 ⌦1 0

1

A . (33)

The expression describing the motion of r̃ in the rotating
reference frame is then

d

dt
r̃ = Ṫr + Tṙ = Ṫr + TM⌦r

= [ṪT�1 + TM⌦T�1]r̃ = M̃⌦r̃. (34)

So the “vector product matrix” to be used in the ro-
tating frame is obtained by the usual coordinate trans-
formation plus a “correction term” which is introduced
by the time-dependence of T and has the net e↵ect of
subtracting ! from the z-component of the ⌦-vector, in
addition to the usual coordinate-transformation rules.[8]
The resulting ⌦̃-vector to be used in the rotating frame
in the equation of motion

d

dt
r̃ = ⌦̃⇥ r̃ (35)

is then easily found to be

⌦̃1 = ⌦R

⌦̃2 = 0
⌦̃3 = !0 � !, (36)

and it does not anymore change with time. As expected,
in the rotating reference frame the ⌦̃-vector is fixed, and

the Bloch-vector r̃ rotates around it (precession). Note
that this constancy of ⌦̃ is an approximation (the rotating
wave approximation) for a linearly polarized optical wave
[9] and �m = 0 dipole transition, but it is exact for
�m = ±1 transitions.

The components of the Bloch-vector r̃ are not funda-
mentally di↵erent in the rotating frame. Obviously, the
third component is not modified by the transformation
and maintains its original meaning (population inversion
in the two-level system, or expectation value of the en-
ergy). But even the first two components are not really
much di↵erent. They still have to do with the phase of
the system and are directly related to the dipole moment
of the atom. Like their counterparts in the static refer-
ence frame, r̃1 and r̃2 are connected to the real and imag-
inary components of the dipole moment or — in other
words — the component of the dipole moment which
is “in phase” with the optical field and the component
which is ⇡ out-of-phase [a.k.a. “in quadrature”] with the
optical field.[10] The first two coordinates of the Bloch
vector in the static and rotating frame are related by
r1 + ir2 = (r̃1 + ir̃2) exp(i!t). For �m = 0 transitions
the dipole matrix element pab can be assumed to be real
in (23), so that the expectation value of the dipole mo-
ment corresponds to the real part of r1 + ir2 and can be
calculated either from r̃1 + ir̃2 or from r1 + ir2.

It is interesting to note that the time dependence of the
inversion found through (35) depends only on r̃2 and the
applied field, which means that it is the “in-quadrature”
component of the dipole moment that mediates the en-
ergy transfer between optical field and atom. You need
to be out-of-phase with the material response in order
to transfer energy to matter, and experience that is also
common in any hand-made mechanical resonance exper-
iment.

The simplifications obtained by moving to the rotating
frame, especially the fact that the vector ⌦̃ is constant in
time, allow to derive a number of useful facts about the
interaction of a two-level system with an optical wave,
both in resonance and o↵-resonance.

III. SOME OBSERVATIONS DERIVED FROM
THE PRECESSING BLOCH VECTOR PICTURE

IN THE ROTATING FRAME

Armed with the new tools presented in the previous
section, it is now easy to derive the behaviour of an atom
under the influence of an optical field.

A. Rabi flopping at resonance

At resonance, ⌦̃ has only the ⌦̃1 component. The
Bloch vector r̃ precesses around it with an angular fre-
quency |⌦̃| = ⌦R. A system starting in the ground state
[r = (0, 0,�1)] will oscillate between ground and excited
state with a frequency ⌦R.
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= [ṪT�1 + TM⌦T�1]r̃ = M̃⌦r̃. (34)

So the “vector product matrix” to be used in the ro-
tating frame is obtained by the usual coordinate trans-
formation plus a “correction term” which is introduced
by the time-dependence of T and has the net e↵ect of
subtracting ! from the z-component of the ⌦-vector, in
addition to the usual coordinate-transformation rules.[8]
The resulting ⌦̃-vector to be used in the rotating frame
in the equation of motion

d

dt
r̃ = ⌦̃⇥ r̃ (35)

is then easily found to be

⌦̃1 = ⌦R

⌦̃2 = 0
⌦̃3 = !0 � !, (36)

and it does not anymore change with time. As expected,
in the rotating reference frame the ⌦̃-vector is fixed, and

the Bloch-vector r̃ rotates around it (precession). Note
that this constancy of ⌦̃ is an approximation (the rotating
wave approximation) for a linearly polarized optical wave
[9] and �m = 0 dipole transition, but it is exact for
�m = ±1 transitions.

The components of the Bloch-vector r̃ are not funda-
mentally di↵erent in the rotating frame. Obviously, the
third component is not modified by the transformation
and maintains its original meaning (population inversion
in the two-level system, or expectation value of the en-
ergy). But even the first two components are not really
much di↵erent. They still have to do with the phase of
the system and are directly related to the dipole moment
of the atom. Like their counterparts in the static refer-
ence frame, r̃1 and r̃2 are connected to the real and imag-
inary components of the dipole moment or — in other
words — the component of the dipole moment which
is “in phase” with the optical field and the component
which is ⇡ out-of-phase [a.k.a. “in quadrature”] with the
optical field.[10] The first two coordinates of the Bloch
vector in the static and rotating frame are related by
r1 + ir2 = (r̃1 + ir̃2) exp(i!t). For �m = 0 transitions
the dipole matrix element pab can be assumed to be real
in (23), so that the expectation value of the dipole mo-
ment corresponds to the real part of r1 + ir2 and can be
calculated either from r̃1 + ir̃2 or from r1 + ir2.

It is interesting to note that the time dependence of the
inversion found through (35) depends only on r̃2 and the
applied field, which means that it is the “in-quadrature”
component of the dipole moment that mediates the en-
ergy transfer between optical field and atom. You need
to be out-of-phase with the material response in order
to transfer energy to matter, and experience that is also
common in any hand-made mechanical resonance exper-
iment.

The simplifications obtained by moving to the rotating
frame, especially the fact that the vector ⌦̃ is constant in
time, allow to derive a number of useful facts about the
interaction of a two-level system with an optical wave,
both in resonance and o↵-resonance.

III. SOME OBSERVATIONS DERIVED FROM
THE PRECESSING BLOCH VECTOR PICTURE

IN THE ROTATING FRAME

Armed with the new tools presented in the previous
section, it is now easy to derive the behaviour of an atom
under the influence of an optical field.

A. Rabi flopping at resonance

At resonance, ⌦̃ has only the ⌦̃1 component. The
Bloch vector r̃ precesses around it with an angular fre-
quency |⌦̃| = ⌦R. A system starting in the ground state
[r = (0, 0,�1)] will oscillate between ground and excited
state with a frequency ⌦R.
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For the �m = 0 transition one of the two counter-
rotating components becomes stationary in the rotating
frame, while the other component will rotate at an an-
gular velocity 2!.
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T =

0

@
cos !t sin!t 0
� sin!t cos !t 0

0 0 1

1

A (29)

The Bloch vector r in the rotating frame is therefore
r̃ = Tr:

r̃1 = ab⇤ei!t + c.c. (30)
r̃2 = iab⇤ei!t + c.c. (31)
r̃3 = bb⇤ � aa⇤. (32)
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This is a summary and overview of what we learned in the first four talks of this seminar. It is
some material related to the Bloch vector picture of light-atoms interaction — which is decisive as
the groundwork on which the rest of the seminar is built — that I extracted from an old class I once
gave on the topic.

PACS numbers:

I. SCHRÖDINGER EQUATION OF THE
LIGHT-ATOM SYSTEM

An unperturbed atom is described by some Hamilto-
nian H, whose energy eigenvalues can be assumed to be
�~!0/2 and +~!0/2 (We are free to put the origin of the
energy axis wherever we want, and this makes for a nice
symmetric choice).

An optical wave acting on the system can be seen as
a perturbation V, and the Schrödinger equation of the
system is

i~ d

dt
| (t)i = [H + V]| (t)i (1)

Without perturbation (V = 0) the system has the sta-
tionary solutions (which are the eigenfunctions of H)

|ai = |aoie
i!0t/2 (2)

|bi = |boie
�i!0t/2 (3)

so that

H|ai = Ea|ai = �
~!0

2
|ai (4)

H|bi = Eb|bi =
~!0

2
|bi (5)

and Eb � Ea = ~!0. It must be noted that in this ap-
proach we are not including a relaxation mechanism that
would allow the state |bi to relax to the lower-energy
state |ai. In other words, we are neglecting spontaneous
emission, we are neglecting damping.

The wavefunctions |ai and |bi form a complete or-
thonormal set, so that ha|bi = ha0|b0i = �ab and
|aiha| + |bihb| = |a0iha0| + |b0ihb0| = 1.

A pure state of a two-level atom is the superposition
of the two eigenstates of the unperturbed hamiltonian:

| (t)i = a(t)|ai+ b(t)|bi, (6)

with aa⇤ + bb⇤ = 1.
Instead of using (6), the atomic state can also be writ-

ten as

| (t)i = ã(t)|a0i+ b̃(t)|b0i, (7)

with ãã⇤ + b̃b̃⇤ = 1.

Inserting this | (t)i into Schrödinger’s equation (1)
and multiplying from the left with ha0| or hb0| gives a
set of equations for the coe�cients ã and b̃:

i~ d

dt
ã = ã[Vaa �

~!0

2
] + b̃Vab

i~ d

dt
b̃ = b̃[Vbb +

~!0

2
] + ãVba (8)

Where the Vab, etc., are the matrix elements for the tran-
sition from state a to state b induced by the perturbation
V: Vab ⌘ ha0|V|b0i, Vaa ⌘ ha0|V|a0i, etc.

A. Electric dipole approximation

In the case of an electro-magnetic wave acting on the
atom, the usual first approximation for the perturbation
V is the electric dipole approximation: V = �~p · ~E(t),
where ~p = e~r is the electric dipole operator and

~E(t) =
1
2
~E(!) exp(�i!t) + c.c. (9)

is the time-dependent electric field of the optical wave.
The dipole matrix element for a transition between states
|ai and |bi is then

Vab = ha0|V|b0i = ha0|p|b0i ·
~E(t) = pab ·

~E(t) (10)

And the expectation value of the dipole operator is

hpi = h (t)|p| (t)i = a⇤bpab+b⇤apba = a⇤bpab+b⇤ap⇤ab.
(11)

paa and pbb both vanish for wavefunctions |a0i and |b0i

of definite parity because the dipole operator has odd
parity.

Assuming an electric field pointing along the x coordi-
nate axis (this is an electric field that induces �m = 0
transitions), we can write

Vab =
1
2
exab[Ee�i!t + c.c.] (12)

where xab ⌘ ha0|x|b0i, and a similar expression for Vba

(Vab = V ⇤
ba). When states |ai and |bi are connected by a

�m = 0 transition, Vab = Vba can be taken to be real,
whereas for an atomic �m = ±1 transition (like those
induced by circularly polarized light), Vab = V ⇤

ba must be
complex [1, 2].
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II. AN ALTERNATIVE GEOMETRICAL
PICTURE OF THE SCHRÖDINGER EQUATION:

BLOCH-VECTOR PRECESSION.

The above is fine for the description of a single atom.
But for a general solution valid for an ensemble of two-
level atoms, it is better to write the evolution equations of
the system in terms of a density matrix with components
⇢ij = hcic⇤j i, where i, j = 1..2 and c1 = a, c2 = b, so
that, e.g., ⇢12 = hab⇤i and ⇢11 = haa⇤i. ⇢11 + ⇢22 = 1.
The h...i notation means “average over all atoms”. Even
for a single atom, we are ultimately interested in the
probabilities aa⇤ and bb⇤, not the amplitude-coe�cients
a and b. For an ensemble of atoms, ⇢11 = aa⇤ = Na/N
and ⇢22 = bb⇤ = Nb/N , where N is the total number of
atoms, Na is the number of atoms in the ground state,
and Nb is the number of atoms in the excited state.

From (8) it is easy to find equations (the “Optical
Bloch Equations”) for the components of the density ma-
trix. However, instead of representing what is really a
“density operator” with a 2⇥2 matrix and writing equa-
tions for each of its components, it is also possible to
represent it by a vector in three dimensions.

In other words that can be readily applied to the single-
atom case, the wavefunction (6) is described by the two
complex numbers multiplying the basis functions, i.e.
four real numbers. However, the phase of the wavefunc-
tion does not have any influence on the motion of the
atomic states, so that three real numbers are all that is
needed to specify the wavefunction describing the two-
level system [1].

The three real numbers can be defined as the compo-
nents of a vector r as

r1 = ab⇤ + ba⇤ = 2Re[⇢12] (13)
r2 = i(ab⇤ � ba⇤) = 2Im[⇢12] (14)
r3 = bb⇤ � aa⇤ = ⇢22 � ⇢11, (15)

where the first expression on the right-hand side would
apply to a single-atom system, while the second ex-
pression on the right-hand side represents the averages
calculated over an atomic ensemble and is used to de-
scribe mixed states. Note that 2ab⇤ = r1 � ir2 and
2ba⇤ = r1 + ir2.

From (8) it is easy to derive expressions for the time-
derivatives of the three components of r. The result is
[1]

d

dt
r = ⌦⇥ r, (16)

where “⇥” stands for vector-product and

⌦1 =
1
~ (Vab + Vba) (17)

⌦2 = i
1
~ (Vab � Vba) (18)

⌦3 = !0. (19)

In this way the complex evolution equations (8) for the
wavefunction of the two-level system have been trans-
formed into the real, three-dimensional vector equation
ṙ = ⌦ ⇥ r, where the vector r determines the wavefunc-
tion of the system and the components of the vector ⌦
represent the perturbation (the optical wave). This way
of describing the behaviour of an ensemble of two-level
systems under the influence of a perturbation has been
first proposed in Ref. 1. Its usefulness lies in the fact
that (16) has the same form as the description of the
precession of a three-dimensional spinning top in space:
r plays the role of the angular momentum, while ⌦ is
the angular frequency vector (its direction determines the
axis around which r rotates, and its modulus determines
the angular velocity of the rotation). The same equation
also describes the classical precession of a gyromagnet in
a magnetic field as well as spin-precession (precession of
the expectation value of the spin) in nuclear magnetic res-
onance [3]. In the latter case the r-vector represents the
expectation value of the spin, and the ⌦-vector the mag-
netic field. Because of this analogy and of Bloch’s early
contribution to the treatment of spin-precession [3], the
r-vector introduced in (13-15) is now often called Bloch
vector.

The unexcited system in the ground-state has a Bloch
vector r = (0, 0,�1) that points straight down. The pure
excited state |bi has a Bloch-vector r = (0, 0, 1), pointing
straight up. States which are superpositions of |ai and
|bi have Bloch-vectors pointing in various directions. r
is horizontal for states that have an equal contribution
from |ai and |bi.

The unperturbed system with V = 0 has an ⌦ vector
that has only a z-component, and as a consequence of
(16) the Bloch vector r for a pure state with a coherent
superposition of |ai and |bi rotates around the z-axis with
an angular velocity !0.

In the presence of a time-dependent perturbation, the
⌦ vector itself has a time-dependence, and therefore the
precession described by (16) may get to be quite compli-
cated, even though the vector ⌦ tends to be pretty much
vertical and to oscillate with a small amplitude away from
the z-axis: When the electric field of the optical wave is
much smaller than the electric field corresponding to the
field that binds the electron the ⌦1 and ⌦2 components
are much smaller than ⌦3 [4].[7] But from (16) it is clear
that only the direction of r changes. Its modulus is con-
stant.

What is then the size of this modulus? From (13-15)
one sees that

r2
1 + r2

2 + r2
3 = 4ab⇤ba ⇤+(bb⇤ � aa⇤)2

= 2ab⇤ba⇤ + bb⇤bb⇤ + aa⇤aa⇤ = (aa⇤ + bb⇤)2 = 1 (20)

for a pure state, while

r2
1 + r2

2 + r2
3 = 4|⇢12|

2 + (⇢22 � ⇢11)2

= (⇢11 + ⇢22)2 � 4⇢11⇢22 + 4|⇢12|
2

= 1� 4[⇢22⇢11 � |⇢12|
2] (21)
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r2
1 + r2

2 + r2
3 = 4|⇢12|

2 + (⇢22 � ⇢11)2

= (⇢11 + ⇢22)2 � 4⇢11⇢22 + 4|⇢12|
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for a mixed state. The last term in the square brackets is
always larger than zero (h|a|2ih|b|2i � |hab⇤i|2, “Schwarz
inequality”), so that it follows that |r|  1. An ensemble
of atoms where the upper and lower state are randomly
phased has the first two components of the r vector equal
zero. If in addition there is a 50-50 distribution of atoms
in the upper and in the lower state, then one even has
r = 0. [2]

Anyhow, all the essential features of the discussions
that follow can be understood by considering a pure state
with |r| = 1 and not worrying about ensemble averages.

A. What do the components of the Bloch vector
tell us?

In general, the expectation value of any observable can
be represented as a linear combinations of the compo-
nents of the Bloch vector r. Such a linear combination
is the same as a scalar product with some vector (i.e.
a projection of r on some axis). If the said observable
is independent for every atom, its average value over an
atomic ensemble is simply the sum of all these projections
for every atom.

The energy of the system is the expectation value of
the Hamiltonian,

h (t)|H| (t)i = (bb⇤ � aa⇤)
~!0

2
= r3

~!0

2
, (22)

and it is directly given by the third component of the
Bloch vector.

The expectation value of the dipole moment, (11), can
also be rewritten in terms of the Bloch vector compo-
nents:

hpi = a⇤bpab + b⇤ap⇤
ab =

1
2
(r1 + ir2)pab + c.c.

= Re[pab]r1 � Im[pab]r2 (23)

So the z-component of the Bloch vector gives the ex-
pectation value of the energy, while the x and y compo-
nents give the real and the imaginary part of the dipole
moment in the presence of the perturbation. This direct
correlation to useful properties of the system make the
Bloch vector picture particularly useful to understand
and describe atom-light interaction near resonance.

a. Electric dipole transitions: �m = 0 In this case
pab = pba is real and we can assume an electric field
polarized along the x-axis. Then Vab = exabEx(t) , and
the vector ⌦ is

⌦1 = 2
exab

~ Ex(t) = 2⌦R cos!t

⌦2 = 0
⌦3 = !0. (24)

This vector oscillates back and forth away from the 3-axis
in the 1-3 plane. The expectation value (11), (23) of the
dipole moment for a real pab = pba becomes

h (t)|ex| (t)i = (a⇤b + ba⇤)exab = r1exab (25)

and it is given by the projection of r on the 1-axis. So
the polarization density P induced by the optical wave
in an ensemble of two-level atoms will be equal to the
average projection of r on the 1-axis, in units of exab

b. Electric dipole transitions: �m = ±1 For elec-
tric dipole transitions with �m = ±1, pab = p⇤

ba is com-
plex. It can be shown that it can be represented as a
number times êx + iêy, where êx and êy are unit vec-
tors pointing along the x and y coordinate axes. We
assume an electric field circularly polarized in the x-y-
plane, with a complex amplitude ~E = E0(~̂ex + i~̂ey)/

p
2.

Then V = �p · ~E(t) = 1
2E0(px + ipy) exp(�i!t)/

p
2+c.c.

oscillates with a complex amplitude E0(px+ipy)/
p

2 and,
using p = p(êx + iêy)/

p
2, one finds V = pE0 exp(i!t)/2.

With pab = exab it follows that Vab = exabE0 exp(i!t)/2
(it is complex). The components of the vector ⌦ are then:

⌦1 = ⌦R cos!t

⌦2 = ⌦R sin!t

⌦3 = !0. (26)

This vector has a constant length, is tilted away from the
3-axis by a constant angle, and rotates around the 3-axis
with the angular velocity !. The projection of the vector
⌦ onto the x-y plane of its coordinate space behaves in
the same way as the projection of the electric field vector
in the x � y plane of real space. The expectation value
(11) has components

h (t)|epx| (t)i = exabr1, (27)
h (t)|epy| (t)i = exabr2. (28)

Since the “angular velocity vector” ⌦ is not constant
in time, the resulting precession of r can become pretty
complex. In order to get a better view of this preces-
sion, it is better to remove the part that comes from
a constant-angular-velocity rotation around the 3-axis.
This can be done by moving to a rotating reference frame.

B. Rotating Wave Approximation.

The ⌦-vector (26) rotates at an angular velocity ! (the
frequency corresponding to the atomic transition) around
the z-axis.

The ⌦ vector for linear polarization, given by (24)
can be represented as the vector (26) plus a vector
(⌦0

1,⌦0
2,⌦0

3) = ⌦R(cos!t,� sin!t, 0). This amounts to
decomposing (24) into two counter-rotating components
in the x� y plane [1].

To be able to better grasp the significance of (16) in
the presence of the perturbation, it is a very good idea to
move to a rotating reference frame where the appropriate
component of ⌦ appears stationary.[1, 4]

For �m = ±1 transitions ⌦ has only one rotating com-
ponent, and the move to a rotating frame makes it sta-
tionary.

4

For the �m = 0 transition one of the two counter-
rotating components becomes stationary in the rotating
frame, while the other component will rotate at an an-
gular velocity 2!.

When integrating (16) over any measurable time-
interval the contribution of this “fast-rotation” compo-
nent can be neglected. In other words the e↵ect of this
component on the r-vector in the rotating frame reverses
itself every 0.1�1 femtoseconds (for visible light), and is
almost completely ine↵ective. So one can ignore it. This
is the “Rotating Wave Approximation”.

The transformation matrix that can be used to move
to the rotating frame is

T =

0

@
cos !t sin!t 0
� sin!t cos !t 0

0 0 1

1

A (29)

The Bloch vector r in the rotating frame is therefore
r̃ = Tr:

r̃1 = ab⇤ei!t + c.c. (30)
r̃2 = iab⇤ei!t + c.c. (31)
r̃3 = bb⇤ � aa⇤. (32)

The vector product ⌦ ⇥ r can also be expressed as a
matrix multiplication M⌦r, where

M⌦ =

0

@
0 �⌦3 ⌦2

⌦3 0 �⌦1

�⌦2 ⌦1 0

1

A . (33)

The expression describing the motion of r̃ in the rotating
reference frame is then

d

dt
r̃ = Ṫr + Tṙ = Ṫr + TM⌦r

= [ṪT�1 + TM⌦T�1]r̃ = M̃⌦r̃. (34)

So the “vector product matrix” to be used in the ro-
tating frame is obtained by the usual coordinate trans-
formation plus a “correction term” which is introduced
by the time-dependence of T and has the net e↵ect of
subtracting ! from the z-component of the ⌦-vector, in
addition to the usual coordinate-transformation rules.[8]
The resulting ⌦̃-vector to be used in the rotating frame
in the equation of motion

d

dt
r̃ = ⌦̃⇥ r̃ (35)

is then easily found to be

⌦̃1 = ⌦R

⌦̃2 = 0
⌦̃3 = !0 � !, (36)

and it does not anymore change with time. As expected,
in the rotating reference frame the ⌦̃-vector is fixed, and

the Bloch-vector r̃ rotates around it (precession). Note
that this constancy of ⌦̃ is an approximation (the rotating
wave approximation) for a linearly polarized optical wave
[9] and �m = 0 dipole transition, but it is exact for
�m = ±1 transitions.

The components of the Bloch-vector r̃ are not funda-
mentally di↵erent in the rotating frame. Obviously, the
third component is not modified by the transformation
and maintains its original meaning (population inversion
in the two-level system, or expectation value of the en-
ergy). But even the first two components are not really
much di↵erent. They still have to do with the phase of
the system and are directly related to the dipole moment
of the atom. Like their counterparts in the static refer-
ence frame, r̃1 and r̃2 are connected to the real and imag-
inary components of the dipole moment or — in other
words — the component of the dipole moment which
is “in phase” with the optical field and the component
which is ⇡ out-of-phase [a.k.a. “in quadrature”] with the
optical field.[10] The first two coordinates of the Bloch
vector in the static and rotating frame are related by
r1 + ir2 = (r̃1 + ir̃2) exp(i!t). For �m = 0 transitions
the dipole matrix element pab can be assumed to be real
in (23), so that the expectation value of the dipole mo-
ment corresponds to the real part of r1 + ir2 and can be
calculated either from r̃1 + ir̃2 or from r1 + ir2.

It is interesting to note that the time dependence of the
inversion found through (35) depends only on r̃2 and the
applied field, which means that it is the “in-quadrature”
component of the dipole moment that mediates the en-
ergy transfer between optical field and atom. You need
to be out-of-phase with the material response in order
to transfer energy to matter, and experience that is also
common in any hand-made mechanical resonance exper-
iment.

The simplifications obtained by moving to the rotating
frame, especially the fact that the vector ⌦̃ is constant in
time, allow to derive a number of useful facts about the
interaction of a two-level system with an optical wave,
both in resonance and o↵-resonance.

III. SOME OBSERVATIONS DERIVED FROM
THE PRECESSING BLOCH VECTOR PICTURE

IN THE ROTATING FRAME

Armed with the new tools presented in the previous
section, it is now easy to derive the behaviour of an atom
under the influence of an optical field.

A. Rabi flopping at resonance

At resonance, ⌦̃ has only the ⌦̃1 component. The
Bloch vector r̃ precesses around it with an angular fre-
quency |⌦̃| = ⌦R. A system starting in the ground state
[r = (0, 0,�1)] will oscillate between ground and excited
state with a frequency ⌦R.
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Nuclear Induction
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The magnetic moments of nuclei in normal niatter will result; in a nuclear paramagnetic
polarization upon establishment of equilibrium in a constant magnetic field. It is shown that
a radiofrequency 6eld at right angles to the constant field causes a forced precession of the
total polarization around the constant 6eld with decreasing latitude as the Larmor frequency
approaches adiabatically the frequency of the r-f field. Thus there results a component of the
nuclear polarization at right angles to both the constant and the r-f field and it is shown that
under normal laboratory conditions this component can induce observable voltages. In Section 3
we discuss this nuclear induction, considering the effect of external fields only, while in Section 4
those modi6cations are described which originate from internal 6elds and finite relaxation
times.

l. INTRODUCTION
~ ~HE method of magnetic resonance' has

been successfully applied to measure the
magnetic moment of the neutron' and of various
nuclei. The principal feature of this method is
the observation of transitions, caused by reso-
nance of an applied radiofrequency field with the
Larmor precession of the moments around a
constant magnetic field. In its application to
nuclear moments the deflection of molecular
beams in an inhomogeneous field was used as a
means of detecting the occurrence of nuclear
transitions. This method of detection has proven
to be very fruitful but it was clear, at the same
time, that the connection between molecular
beams and magnetic resonance was not of basic
character. The question arose, in particular,
whether nuclear transitions could not be de-
tected by far simpler electromagnetic methods,
applied to matter of ordinary density. '
An attempt in this direction was under-

taken by Gorter and Broer' whose arrangement
was designed to indicate magnetic resonance
absorption by a slight change in frequency of an
electric oscillator. The experiment was based
upon considerations which apply strictly to
radiof'requency fields which are so sma11 that
' I. I. Rabi, Phys. Rev. 51, 652 (1937}.2L. XV. Alvarez and F. Bloch, Phys. Rev. 5V, 111

(1940}.
~ I. I. Rabi, S. Millman, P. Kusch, and J. R. Zacharias,

Phys. Rev. 53, 318 (1938);55, 526 (1939).
The first purely magnetic experiment to find an effect

due to nuclear moments by measuring the susceptibility
of liquid hydrogen was published by B. G. Lasarew and
L. W. Schubnikow, Sov. Phys. ll, 445 (1937).

~ C. J. Gorter and L. J. F. Broer, Physica 9, 591 (1942).

they cause only a slight disturbance of the spin
orientation; it was carried out with LiCl and KI
at low temperatures and it was suggested that
the failure to find an effect was caused by the
fact that the nuclei had not found the orientation,
corresponding to thermal equilibrium.
The first successful experiments to detect

magnetic resonance by electromagnetic eft'eets
have been carried out recently and independ-
ently in the physics laboratories of Harvard' and
Stanford' Universities. The experiment of Purcell
and his collaborators is very closely connected
to that of Gorter and Broer, the main difference
being that resonance absorption manifests itself
in the change of Q of an electric oscillator rather
than in a change of frequency, and it presup-
poses, likewise, the necessity of only slightly
perturbing r-f fields.
The considerations upon which our work was

based have several features in common with the
two experiments, previously mentioned, but
difkr rather essentially in others. In the first
place, the radiofrequency field is deliberately
chosen large enough so as to cause at resonance
a considerable change of orientation of the
nuclear moments. In the second place, this
change is not observed by its relatively small
reaction upon the driving circuit, but by directly
observing the induced electromotive force in a
coil, due to the precession of the nuclear mo-
ments around the constant field and in a direction

6 E. U. Purcell, H. C. Torrey, and R. V. Pound, Phys.
Rev. 69, 37 (1946).

~ F. Bloch, W. W. Hansen, and Martin Packard, Phys.
Rev. 69, 127 (1946).
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and amplitude 2'., so that the total external
field vector H has the components

H.=2Hi cos(ot; H„=O; H. =HO. (5)
We shall further denote by M the vector, repre-
senting the nuclear polarization, i.e., the re-
sultant nuclear moment per unit volume; it is
the variation with time of this vector in which
we are primarily interested.
To obtain this variation does not require the

solution of the Schroedinger equation. It is
enough to remember the general fact that the
quantum-mechanical expectation value of any
quantity follows in its time dependence exactly
the classical equations of motion and that the
magnetic and angular momenta of each nucleus
are parallel to each other.
The resultant angular momentum vector A of

all the nuclei, contained in a unit volume will,
therefore, satisfy the classical equation

dA/dt =T, (6)
where T is the total torque, acting upon the
nuclei and it is

T=[MXH], (7)
where the vector M represents the resultant
nuclear magnetic moment per unit volume. The
parallelity between the magnetic moment p and
the angular momentum a for each nucleus
implies

(8)
with the gyromagnetic ratio

v=~/&
and we have, therefore, also
quantities M and A

M=yA,

(9)
for the resultant

(10)
with y likewise given by (9).'
Combining Eqs. (6), (7), and (10), we have,

therefore, for the variation of the polarization
vector M

dM/dt =q[M XH]. (11)
For our purposes we are interested in a special

solution of this equation which can be obtained
9 Our treatment includes evidently both cases of p andI being parallel (i.e., having the same relative orienta-

tion as for a positive rotating charge) and opposite. Both
are taken into account by assigning to the quantity y
of Eq. (9) a positive or negative value respectively. Ne
shall see below that the actual sign of y reveals itself in
the phase of the induced voltage signal.

H =Hi cos cot; H„WHi sin ~t (14)

rotating around the s-direction with the sign of
H„and, therefore, the sense of rotation being
negative or positive, depending upon whether
the sign of y is positive or negative.
It follows immediately from (11) that the

magnitude M of the polarization is constant.
Besides, there is a special solution for which its
s-component M, is likewise constant. Introducing
the polar angle 8 and writing

M =M sin 8 cos sot; M„=WM sin 8 sin ~t;
M, =Sfcos 8, (15)

one can indeed verify immediately that (11) is
satisfied if e is a constant and chosen such that

tg 8 = yH, /(yH, w~), (16)

with the minus or plus sign before co, depending
upon whether y is positive or negative. If we let

H*=~/I&I (17)

denote the "resonance field at frequency co" i.e.,
that field H for which the Larmor frequency
coI.=yH is equal to the frequency co of the oscil-
lating field, we can write (16) in the form

tge =Hi/(Ho —H*).
Equations (15) represent a solution for which

the polarization rotates around the s-direction,
i.e., around the strong field Hp and in such a
way that it lies at any instant in the common
plane of this field and the effective rotating
field (14).
The angle 8 between Hp and the polarization

follows from (18) to be small, as long as Ho is
appreciably larger than the resonant field H*.
' F. Bloch and A. Siegert, Phys. Rev. 5'7, 522 (1940).

if, for the fields Ha and Hi of Eq. (5) we have
Hi&CHp, and if both are positive and constant.
Ke shall further assume that the circular fre-
quency co of the r-f field is in the neighborhood
of the resonance frequency cop, given by

Gop =QHp
i.e., that we have

~~—~o~ &&~o (13)
The actual oscillating field in the x-direction

can then be eR'ectively replaced" by a field
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Ferromagnetism sometimes occurs when small
amounts of transition elements are dissolved in
metals of high magnetic susceptibility. The out-
standing examples are the dilute solutions of Fe
or Co in Pd, '&' where giant magnetic moments
occur due to the polarization of the matrix in the
vicinity of the impurities. In the most dilute of
these alloys the range of the ferromagnetic cou-
pling seems to extend over distances several
times greater than the interatomic distance.
In view of the fairly recent discovery'&' that

rare earths form solid solutions to a limited ex-
tent in palladium, it is obviously of interest to
investigate magnetic coupling effects in these al-
loys. Peter et al.' have reported that in an alloy
Pd~Gd, the dependence of magnetic susceptibil-
ity on temperature is indicative of a paramagnet-
ic Curie temperature of +12'K, suggesting the
possible existence of a ferromagnetic state at
lower temperatures.
A set of Pd-Gd alloys was made up by arc

melting appropriate quantities of specially re-
fined pure palladium and Johnson Matthey gad-
olinium together under very clean conditions in
an argon atmosphere. Their nominal composi-
tions ranged up to 9.7 atomic percent of Gd. As
yet they have not been analyzed chemically. How-
ever, there was very little loss of total weight
during alloy preparation. That true solid solu-
tions occur in every case was verified by x-ray
diffraction analysis. Over the whole range up to
9.7 atomic percent, the lattice parameter in-
creased smoothly and continuously with increas-
ing gadolinium content. The synthetic composi-
tions are therefore assumed to be correct to a
first approximation. Iron, nickel, or cobalt
were not present as impurities in the starting
materials.
The magnetizations (o) of the small ellipsoidal

specimens were measured as a function of mag-
netic field strength (H) at various constant tem-
peratures (T), using a Sucksmith ring balance in
the form which allows independent control of
field and field gradient. ' The maximum applied
field was about 20 kilo-oersteds and the lowest
temperature about 1.5 K. Measurements were
relative to the magnetization of pure nickel, to
which the absolute data of gneiss and Forrer'
were assumed to apply. The Curie points were
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FIG. 1. Experimental data for 7.2 atomic percent
PdGd alloy. {a) The magnetization-field isothermals;
(b) the determination of the Curie temperature; and
(c) the extrapolation by which the saturation magnetic
moment is determined.

determined by plotting graphs of H/oagainst a'.
for various constant temperatures, and finding
by linear interpolation the Curie temperature 8
at which the linear graph of H/v against o'
passes through the origin. To determine the
magnetic moments the linear high-field parts of
the (g, H) isothermals corresponding to the low-
est two temperatures used for each alloy were
extrapolated to H = 0. These extrapolated values
were plotted against T' and this graph was ex-
trapolated to T'=0 to give the respective satura-
tion magnetizations (at T=0). In converting the
saturation magnetizations to numbers of Bohr
magnetons, the Bohr magneton was assumed to
be equivalent to 5586 emu per gram molecular
unit.
As an example, the data obtained for the 7.2

atomic percent alloy are illustrated in Fig. l.
For the other alloys the general pattern was sim-
ilar, except that in the most dilute alloys where
the Curie points were lowest, fewer useful iso-
thermals could be measured. The Curie temper-
atures are probably accurate to within ~0.2 K
and the magnetic moments to within +0.5 emu/g.
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OBSERVATION OF A PHOTON ECHO*

N. A. Kurnit, ~ I. D. Abella, and S. R. Hartmannl
Columbia Radiation Laboratory, Columbia University, New York, New York

(H, eceived 2 September 1964)

An experiment has been performed in which a
ruby crystal has been made to emit spontaneous-
ly a short, intense burst of radiation, which we
will call a photon echo, after being excited by
two short, intense light pulses at 6935 A from a
Q-switched ruby laser. ' In Fig. 1, oscilloscope
photographs show the output of a photomultiplier
which monitors the radiation from the ruby-
crystal sample. In the three cases shown, for
excitation pulse separations of 80, 110, and 140
nsec, the time between the echo and the previous
excitation pu1.se is very nearly equal to the time
separation of the excitation pulses. This behav-
ior is similar to that observed in nuclear mag-
netic spin echo experiments. '
The purpose of the first excitation pulse is to

create a superradiant state' which, because of
its large oscillating macroscopic electric dipole
moment, radiates strongly until it either decays
to the ground state or loses phase coherence. In
this experiment the dephasing process is domi-
nant and is caused primarily by inhomogeneous
crystal strains. After the dipole moment has de-
phased, a second excitation pulse is applied
which essentially performs a time-reversal oper-
ation so that the system now starts rephasing.
At a time after the second excitation pulse equal
to the time separation of the pulses, the rephas-
ing process is complete and the system again ex-
hibits a macroscopic electric dipole moment re-
sulting in a burst of coherent radiation.
A schematic outline of the experimental setup

FIG. l. Oscilloscope photographs of the output from
a photomultiplier which monitors the radiation from
the ruby sample. The horizontal time scale is 100
nsec/div, and time increases to the right. The ex-
citation pulses appear broadened due to detector satu-
ration. The positions of the echoes imply that these
pulses occur =15 nsec later than indicated above. This
is due to an observed build-up time of =10 nsec for the
overall giant pulse, with an additional 5 nsec delay
likely for the particular modes responsible for the
photon echo.
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Solving (9) and (14) for (ri) gives

(ri)=L1+2(e)) '.
Substitution of (15) for (I) and solving for (ri) gives

-1+(.)-

(17)

epP(rl) = ln
-1—(~)-

ol
tanh(-', n(r))) = (rl); cr=N J/k~T (19)

which is the exact result. The same result can be ob-
tained from a general formalism given by Callen and
Shtrikman' once it is known that N—'Ps(N) can be
written in the form

where, in this case
x = Pep(ri) . (21)

At low temperatures (15) agrees, of course, with M.
Bloch's approximation, which is

()=L ""—13 '
e(T)= ept 1—2(e)j.

(22)

(23)

Therefore, using a Hartree-I"ock termination, which
in this case amounts to a Hartree approximation, on the
Gs function the exact result for (rl) is obtained in terms
of the boson distribution function (15).

—Ps (e)=t e*—1j—', (20) ACKNOWI EDGMENTS
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Experiments are described in which a dilute ruby crystal is found to emit spontaneously a short pulse of
light, the photon echo, at a time =r, after irradiation by two successive ruby-laser pulses separated by r,.
The phenomenon is explained in terms of a macroscopic oscillating electric dipole moment, which is mo-
mentarily reformed at the time the photon echo is observed. The analysis predicts the echo polarization as
well as the propagation direction relative to the input pulses. A necessary condition for obtaining echoes in
ruby is the application of a moderate magnetic Geld close to the optic axis of the crystal, and a simple model
based on Cr'+—Al interactions is offered to account for this magnetic-Geld behavior. The relaxation time of
the echo is found to exceed 250 nsec at 4.2'K but to be less than 70nsec at 14'K, and is thought to be due to
phonon-induced transitions in the excited E(E) level. Multiple echo formation is also described.

I. INTRODUCTION

A SERIES of experiments have been reported which
demonstrate the existence of photon echoes."

These and more recent experiments are now described
in greater detail. A discussion of the theoretical con-
siderations underlying the phenomenon of photon
echoes is presented, and the predictions of this theory
are compared with the experimental results.
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The term photon echo is used in this paper to denote
the pulse of light which is emitted spontaneously from
a system of atoms previously irradiated by two co-
herent resonant light pulses and which is observed at a
time after the second pulse very nearly equal to the
time between the two excitation pulses. This nomen-
clature is suggested by the corresponding spin-echo'
phenomenon observed in nuclear and electron-spin-
resonance experiments.
The purpose of the 6rst pulse is to excite a super-

radiant state exhibiting an oscillating macroscopic
electric dipole moment. This dipole moment quickly
dephases because of inhomogeneous crystal-field strains,
and the atoms then radiate at the normal spontaneous
emission rate. The second excitation pulse reverses the
dephasing process so that the system rephases at the
3 E.L. Hahn, Phys. Rev. 80, 580 (1950).
4 R. H. Dicke, Phys. Rev. 93, 99 (1954).
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Solving (9) and (14) for (ri) gives

(ri)=L1+2(e)) '.
Substitution of (15) for (I) and solving for (ri) gives

-1+(.)-

(17)

epP(rl) = ln
-1—(~)-

ol
tanh(-', n(r))) = (rl); cr=N J/k~T (19)

which is the exact result. The same result can be ob-
tained from a general formalism given by Callen and
Shtrikman' once it is known that N—'Ps(N) can be
written in the form

where, in this case
x = Pep(ri) . (21)

At low temperatures (15) agrees, of course, with M.
Bloch's approximation, which is

()=L ""—13 '
e(T)= ept 1—2(e)j.

(22)

(23)

Therefore, using a Hartree-I"ock termination, which
in this case amounts to a Hartree approximation, on the
Gs function the exact result for (rl) is obtained in terms
of the boson distribution function (15).

—Ps (e)=t e*—1j—', (20) ACKNOWI EDGMENTS

The author is indebted to Professor H. A. Gersch
' H. B. Callen and S. Shtrikman, Solid State Commun. 3, No. for bringing his attention to the Problem treated here

1, 5 (1965). and for preliminary discussions.

P H YSI CAL REVIEW VOLUME 141, NUMBER JANUAR Y 1966

Photon Echoes*
I. D. AnzLLAt, N. A. KunNrr, ANn S. R. HsnrMANNt

Columbia Radiation Laboratory, Columbia University, Eem York, &em York
(Received 3 August 1965)

Experiments are described in which a dilute ruby crystal is found to emit spontaneously a short pulse of
light, the photon echo, at a time =r, after irradiation by two successive ruby-laser pulses separated by r,.
The phenomenon is explained in terms of a macroscopic oscillating electric dipole moment, which is mo-
mentarily reformed at the time the photon echo is observed. The analysis predicts the echo polarization as
well as the propagation direction relative to the input pulses. A necessary condition for obtaining echoes in
ruby is the application of a moderate magnetic Geld close to the optic axis of the crystal, and a simple model
based on Cr'+—Al interactions is offered to account for this magnetic-Geld behavior. The relaxation time of
the echo is found to exceed 250 nsec at 4.2'K but to be less than 70nsec at 14'K, and is thought to be due to
phonon-induced transitions in the excited E(E) level. Multiple echo formation is also described.

I. INTRODUCTION

A SERIES of experiments have been reported which
demonstrate the existence of photon echoes."

These and more recent experiments are now described
in greater detail. A discussion of the theoretical con-
siderations underlying the phenomenon of photon
echoes is presented, and the predictions of this theory
are compared with the experimental results.

*This work was supported in part by the Army Research OfEce-
Durham under Contract DA-31-124-ARO-D-224 and in part by
the Joint Services Electronics Program under Contract DA-28-043
AMC-00099(E).
t Alfred P. Sloan„Research Fellow.
f. Present address: Dept. of Physics, University of Chicago.' N. A. Kurnit, I. D. Abella, and S. R. Hartmann, Phys. Rev.

Letters 13, 567 (1964); Bull. Am. Phys. Soc. 9, 658, 659!(1964).
sA published treference discussing the possibility of photon

echoes was recently brought to the authors' attention: U. Kh.
Kopvillem and V. R. Nagibarov, Fiz. Metal. i Metalloved. 15, 313
(1963).

The term photon echo is used in this paper to denote
the pulse of light which is emitted spontaneously from
a system of atoms previously irradiated by two co-
herent resonant light pulses and which is observed at a
time after the second pulse very nearly equal to the
time between the two excitation pulses. This nomen-
clature is suggested by the corresponding spin-echo'
phenomenon observed in nuclear and electron-spin-
resonance experiments.
The purpose of the 6rst pulse is to excite a super-

radiant state exhibiting an oscillating macroscopic
electric dipole moment. This dipole moment quickly
dephases because of inhomogeneous crystal-field strains,
and the atoms then radiate at the normal spontaneous
emission rate. The second excitation pulse reverses the
dephasing process so that the system rephases at the
3 E.L. Hahn, Phys. Rev. 80, 580 (1950).
4 R. H. Dicke, Phys. Rev. 93, 99 (1954).

392 ABELLA, KURN IT, AND HARTMANN

Fzo. 1. The oscilloscope photograph shows output of photo-
multiplier which monitors radiation from the ruby sample. Time
increases to the right and the scale is 50 nsec/div. The third pulse
is the photon echo; the first two are the excitation pulses optically
attenuated prior to detection.

same rate at which it dephased. When the rephasing
process is complete, the macroscopic electric dipole
moment is momentarily reformed, and the crystal
emits an intense burst of light, the photon echo.
In Fig. 1 results are shown of a typical photon-echo

experiment as performed with a ruby crystal excited by
pulses from a ruby laser. The photograph shows three
current pulses from a photomultiplier which monitors
the radiation from the ruby sample. The two pulses on
the left are the excitation pulses from the ruby laser
while the third pulse is the photon echo. As will be
explained later, the excitation pulses are greatly attenu-
ated before reaching the photomultiplier, thereby pre-
venting detector saturation, whereas the echo reaches
the photomultiplier unattenuated.
Before proceeding to a detailed discussion of the

various experiments which have been performed, a
theoretical discussion will be presented, followed by a
description of the apparatus used in the experiments.

II. THEORETICAL DISCUSSION

A. Equation of Motion

In the discussion of the photon-echo phenomenon,
the crystal in which the photon echo is produced is
considered to be made up of an ensemble of atoms which
have just two states—the ground state and the excited
state. The energy separation of these tw'o states will be
called AGO, and it is assumed that an intense coherent
source exists which produces radiation corresponding to
this energy separation.
In discussions of the optical excitation of atoms in a

crystal, it has been customary to describe the state of
the system after an optical excitation simply by specify-
ing the number of atoms in each energy state. This
description is inadequate, however, since it does not
take into account correlations between atoms, and it is
these correlations which give rise to the photon echo.
The present analysis includes correlations and proceeds
in much the same way as the description of spin echoes,
but there are important differences. In considering the
production of spin echoes by precessing magnetic
moments of nuclei or electrons, it is quite easy to give a
physical picture of the behavior of the individual mag-
netic moments. There is a magnetic moment associated
with both the ground and the excited states, and the
net moment is visualized as precessing in the applied

~ L" +" 7=+-L "+
2

~tsL. "+"7=+sL".+" 7
(2)

where the + and —signs in the brackets refer to the
atom being in the excited and ground states, respec-
tively. The first term in Eq. (1) represents the energy
of the system without any radiation present. The last
two terms represent the interaction of the atoms with
the applied radiation field (treated classically) from the
laser. The quantities E, and E„arethe transverse
components of the electric field of the applied radiation
field, while the constant P is given by P=

~ (+, P—) ~,
where P is the electric dipole moment operator. In this
formulation, the s direction is the direction of propaga-
tion of the radiation. Since the sample size is small
compared. with X', the spatial dependence of the radia-
tion Geld can be neglected. The form of the Hamiltonian
has been chosen so that an electric field of the form

E =E cosQ), E„=EsinQ], (3)
will cause transitions between the excited and ground
states, whereas a radiation field of the opposite polariza-
tion will not. This choice of Hamiltonian is arbitrary,
but the results obtained are general since other polariza-
tions can be handled in the same way.
To describe the manner in which the excited atoms

will radiate after being excited (if one neglects the weak
incoherent spontaneous emission), it is necessary to
determine how the transverse electric dipole moment of
the system behaves as a function of time. This problem
' R. P. Feynman, F.L. vernon, and R. W. Hellwarth, J. Appl.

Phys. 28, 49 (1957); see also A. Abragam, Pr&cceples of Magnetic
Resonance (Oxford University Press, London, 1961),p. 36.

magnetic Geld. In the case of photon echoes in ruby,
where the radiation is caused by an electric dipole
transition, there is no corresponding electric dipole
moment in either the ground or the excited states, and
it is not obvious that one can form a picture of a pre-
cessing dipole moment as in the magnetic case. What
the two systems have in common, however, is a matrix
element of the corresponding dipole-moment operator
between the ground and excited states, and this is
enough to enable one to describe the formation of
photon echoes in much the same way as spin echoes. '
One begins the analysis by considering a sample

which is small compared with X', where X is the wave-
length associated with the frequency Qe, i.e., X= 2.e/c0 .s
The extension to larger volumes is straightforward and
will be presented later. Consider the Hamiltonian given
by

X=Q; PQsR;s—V2P(E.R;t+E„R,s)7, (1)
~here the notation of Dicke4 has been used with the
R; operators operating on the jth atom and having the
following properties:

& L. +" 7=-'L + "7



spin echo & photon echo cartoon  
found on wikipedia
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